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Abstract

We consider functional linear regression models with a functional response and multiple

functional predictors, with the goal of finding the best finite dimensional approximation to the

signal part of the response function. Defining the integrated squared correlation coefficient

between a random variable and a random function, we propose to solve a penalized gener-

alized functional eigenvalue problem, whose solutions satisfy that projections on the original

predictors generate new scalar uncorrelated variables and these variables have the largest in-

tegrated squared correlation coefficient with the signal function. With these new variables,

we transform the original function-on-function regression model to a function-on-scalar re-

gression model whose predictors are uncorrelated, and estimate the model by penalized least

squares method. This method is also extended to models with both multiple functional and

scalar predictors. We provide the asymptotic consistency and the corresponding convergence

rates for our estimates. Simulation studies in various settings and for both one and multiple

functional predictors demonstrate that our approach has good predictive performance and is

very computational efficient.
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1 Introduction

Functional regression is an important area in functional data analysis. For a general view of func-

tional data analysis, we refer the reader to Ramsay and Silverman (2005), Ferraty and Vieu (2006),

Bosq (2012), Horv́ath and Kokoszka (2012), Hsing and Eubank (2015). Many methods have been

developed for models with scalar responses and functional predictors (scalar-on-function regres-

sion) or functional responses and scalar predictors (function-on-scalar regression). A sampling

of papers includes Ramsay and Dalzell (1991), Cardotet al. (1999), Brownet al. (2001), Rat-

cliffe et al. (2002), Ramsay and Silverman (2005), Reiss and Ogden (2007), Marx and Eilers

(1999), James (2002), M̈uller and Stadtm̈uller (2005), Goldsmithet al. (2012) for linear or gen-

eralized linear scalar-on-function models, James and Silverman (2005), Li and Marx (2008), Yao

and Müller (2010), McLeanet al. (2014) for non-linear scalar-on-function models, and Hart and

Wehrly (1986), Faraway (1997), Guoet al. (2003), Linet al. (2004), Morris and Carroll (2006),

Reisset al. (2010) on function-on-scalar models. But there has been comparatively less work on

function-on-function regression done to date, especially when there are multiple functional predic-

tors.

In this paper, we consider the following function-on-function linear regression model:

Y(t) = β0(t) +
Q∑

q=1

∫ bq

aq

βq(t, sq)Xq(sq)dsq + ε(t), c ≤ t ≤ d, (1.1)

where for each 1≤ q ≤ Q, Xq(sq) is a stochastic process defined in [aq,bq] and Y(t) is defined

in [c,d]. Those intervals can be different. Without loss of generality, we assume that the mean

function of Xq(sq) is zero, that is,E[Xq(sq)] = 0 for any 1 ≤ q ≤ Q and anyaq ≤ sq ≤ bq.

Correlations may exist between theQ predictor processes.ε(t) is a random noise process with
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mean zero and independent of allXq(sq), 1 ≤ q ≤ Q. Both the interceptβ0(t) and the coefficient

functionsβq(t, s), 1 ≤ q ≤ Q, are nonrandom functions, therefore,Y(t) is a stochastic process with

mean functionβ0(t).

Several methods have been proposed for the model (1.1) with one functional predictor, where

we remove the subscriptq. Ramsay and Dalzell (1991) and Ramsay and Silverman (2005) express

β(t, s) as a double expansion of basis functions:
∑∞

j=1

∑∞
k=1 bjkθk(t)η j(s), where{η j(s) : j ≥ 1} are

basis functions ons ∈ [a,b], {θk(t) : k ≥ 1} are basis functions ont ∈ [c,d], and{bjk : j ≥ 1, k ≥ 1}

are the coefficients. Various basis functions can be used, such as the B-spline basis and the Fourier

basis. Yaoet al. (2005) and Wu and M̈uller (2011) considered a special type of double expansion

β(t, s) =
∑∞

j=1

∑∞
k=1 β jkφ

Y
k (t)ψX

j (s), whereψX
j (s) is the j-th eigenfunction of the covariance function

of X(s) andφY
k (t) is thek-th eigenfunction of the covariance function ofY(t). These methods can be

applied to sparsely observed longitudinal data. Ivanescuet al. (2014) considered the model (1.1)

with Q > 1 by representing the function-on-function regression model as a penalized additive

model and then fit the additive model. Scheiplet al. (2015) incorporates the dimension reduction

step based on the functional principal component analysis (FPCA) ofX(s) into the additive model.

One of the major difficulties in estimating the function-on-function regression model is that the

coefficient functions are two-dimensional. So in order to provide adequate approximations to the

coefficient functions, one has to use much more basis functions than those in function-on-scalar or

scalar-on-function regression where the coefficient functions are one-dimensional. This leads to a

large number parameters to estimate, which affects both the prediction accuracy and computational

efficiency greatly. This problem becomes more serious when the number of functional predictors

increases. Therefore, choosing appropriate basis functions and the corresponding expansions for

coefficient functions is important in the function-on-function regression.

In this paper, our main purpose is the prediction ofY(t) from Xq(s), 1 ≤ q ≤ Q based on

the model (1.1), by finding expansions ofβq(t, s) which have good predictive properties. To pro-

mote understanding, we here briefly illustrate the idea via the case of a single functional predictor.

We write the model asY(t) = β0(t) + F(t) + ε(t), whereF(t) =
∫ b

a
β(t, s)X(s)ds is the signal

part in Y(t), which is also a stochastic process in [c,d]. Let φk(t), k ≥ 1, be the scaled eigen-
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functions ofF(t), where the squaredL2 norm ofφk(t) is σ2
k which is thek-th eigenvalue ofF(t).

Based on the Karhunen-Loève (KL) expansion ofF(t), for any K, the expansion truncated af-

ter theK-th term:
∑K

k=1

[∫ b

a
ψk(s)X(s)ds

]
φk(t), is the bestK-dimensional approximation toF(t),

whereψk(s) =
∫ d

c
β(t, s)φk(t)dt/σ2

k. This property leads to predictive advantages of the expan-

sion β(t, s) =
∑∞

k=1 φk(t)ψk(s). In fact, for anyK, the truncated expansion
∑K

k=1 φk(t)ψk(s) has

the smallest error in predictingy(t) based on model (1.1) among all approximations of the form
∑K

j=1

∑K
k=1 ajkξ j(t)ζk(s) to β(t, s), whereξ j(t)’s and ζk(s)’s are arbitrary basis functions andajk’s

are any numbers. To estimate this expansion based on the observations from the model (1.1), we

noticed thatφk(t) is not the scaled eigenfunction ofY(t) andψk(s) is not the scaled eigenfunction

of X(s). Hence the FPCA, a common approach in functional data analysis, is not applicable. In

this paper, we characterizeψk(s)’s as the solutions to a generalized functional eigenvalue problem

and propose a sample version of this problem to estimateψk(s)’s sequentially. We define an inte-

grated squared correlation coefficient (ISCorr) between a random variable and a random function.

The proposed generalized functional eigenvalue problem actually maximizes the ISCorr between
∫ b

a
ψk(s)X(s)dsandF(t). Then we estimateφk(t)’s based on a function-on-scalar regression model.

The obtained expansions achieves a better prediction accuracy than all possible double series with

the same number of basis functions in boths andt. On the other hand, we estimateφk(t) first and

thenψk(s). The number of parameters to be estimated in each step is much less than that when

we simultaneously estimate the coefficients in the double expansion. So this method improves

the computational efficiency, especially in the case of multiple predictor curves. We establish the

asymptotic theory for our estimates ofF(t) and the prediction ony(t), and extend the method to

the general model with multiple functional predictor and scalar predictors.

The rest of the paper is organized as follows. We introduce our method in Section 2, and

provide the details of computation and choice of tuning parameters and number of components in

Section 3. Simulation studies in various settings and an application study are provided in Sections

4 and 5, respectively. We summarize this paper in Section 6 and provide all proofs and additional

formulas and figures in supplementary materials.
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2 Signal compression approach

To facilitate the understanding of our method and to simplify notations, we first introduce our

method and provide the theoretical results for the special case of one predictor function in Sections

2.1 and 2.2, respectively, and then present the method for the general case in Section 2.3.

2.1 Signal compression approach for one functional predictor

In this section and Section 2.2, we consider the special case of model (1.1) with only one functional

predictor:

Y(t) = β0(t) +
∫ b

a
β(t, s)X(s)ds+ ε(t), with signal F(t) =

∫ b

a
β(t, s)X(s)ds. (2.1)

We assume thatβ0(t) ∈ L2[c,d], β(t, s) ∈ L2{[c,d] × [a,b]}, andX(s) andε(t) are independent

stochastic processes with mean zero and sample curves inL2[a,b] and L2[c,d], respectively.

Hence, the mean function ofY(t) is β0(t). In this paper, we use‖ ∙ ‖ to denote theL2 norm of

a function and‖ ∙ ‖2 to denote thel2-norm of a vector.

Good prediction ofY(t) requires good prediction ofF(t). With our assumptions onβ(t, s) and

X(s), the sample curves ofF(t) belong toL2[c,d] and the mean functionE[F(t)] = 0. We will find

a nonrandom sequence{φk(t), k ≥ 1} in L2[c,d] and a sequence of random variables{Zk, k ≥ 1}

such that for anyK ≥ 1,
∑K

k=1 Zkφk(t) is the bestK-dimensional approximation toF(t) in terms of

minimizing the mean integrated squared error. That is, we have

E




∫ d

c


F(t) −

K∑

k=1

Zkφk(t)




2

dt


 = inf

{Vk,ϕk}
E




∫ d

c


F(t) −

K∑

k=1

Vkϕk(t)




2

dt


 , (2.2)

where the infimum is taken over all possible nonrandom functions{ϕ1, ∙ ∙ ∙ , ϕK} in L2[c,d] and

all possible random variables{V1, ∙ ∙ ∙ ,VK} with mean zero and finite second moment. These two

sequences can be obtained by the KL expansion ofF(t). LetΛ(t, t′) denote the covariance function

of F(t). ThenΛ(t, t′) = E[F(t)F(t′)] =
∫ b

a

∫ b

a
β(t,u)Σ(u, v)β(t′, v)dudv, for any c ≤ t, t′ ≤ d,

whereΣ(s, s′) = E[X(s)X(s′)] is the covariance function ofX(s). Assuming that bothβ(t, s) and
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Σ(s, s′) are continuous, thenΛ(t, t′) is continuous, the KL expansion ofF(t) exists and is given by

F(t) =
∑∞

k=1 Z̃kφ̃k(t), where{φ̃k(t), k ≥ 1} are unit norm eigenfunctions ofΛ(t, t′) with eigenvalues

σ2
1 ≥ σ2

2 ≥ ∙ ∙ ∙ ≥ 0, andZ̃k =
∫ d

c
F(t)φ̃k(t)dt, k ≥ 1, are uncorrelated random variables with

E[Z̃k] = 0 andE[Z̃2
k ] = σ2

k (Sections 37.2 and 37.5 in Loève (1978)). It is well known that

the truncated KL expansion
∑K

k=1 Z̃kφ̃k(t) has the minimum mean integrated squared error as in

(2.2). For anyk with σk > 0, let Zk = Z̃k/σk and φk(t) = σkφ̃k(t) be scaled versions of̃Zk

andφ̃k(t), respectively, so that{Z1,Z2, ∙ ∙ ∙ , } are unit variance uncorrelated random variables with

mean zero. For anyk with σ2
k = 0, we takeZk = Z̃k = 0 andφk(t) = φ̃k(t). Then for anyK,

∑K
k=1 Zkφk(t) =

∑K
k=1 Z̃kφ̃k(t) is the bestK-dimensional approximation toF(t). The original model

(2.1) can be transformed to a function-on-scalar regression model:

Y(t) = β0(t) +
∑

k:σk>0

Zkφk(t) + ε(t), c ≤ t ≤ d, (2.3)

where{Z1,Z2, ∙ ∙ ∙ } can be viewed as uncorrelated unit variance new scalar predictors and{φ1(t), φ2(t), ∙ ∙ ∙ }

are coefficient functions. We will propose methods to estimateZk andφk(t), based on which we

predictY(t). As F(t) is unknown, we cannot getφk(t) directly from F(t). Instead, for anyk with

σ2
k > 0, we propose to first estimateψk(s) which is defined as

ψk(s) =
1
σk

∫ d

c
φ̃k(t)β(t, s)dt =

1

σ2
k

∫ d

c
φk(t)β(t, s)dt, then we have (2.4)

Zk = σ−1
k Z̃k = σ−1

k

∫ d

c
[F(t)] φ̃k(t)dt = σ−1

k

∫ d

c

[∫ b

a
β(t, s)X(s)ds

]

φ̃k(t)dt =
∫ b

a
X(s)ψk(s)ds.

With estimation ofψk(s), we can estimateZk. Then we estimateφk(t) andβ0(t) by fitting the model

(2.3), and predicty(t) based on estimation ofZk, φk(t), andβ0(t).

Before introducing our estimation method, we show the predictive property in the follow-

ing Theorem. As we can only estimate a finite number of terms in
∑

k:σk>0 Zkφk(t) in practice,

we consider the truncated expansion series
∑K

k=1 Zkφk(t) =
∫ b

a
βK(t, s)X(s)ds, whereβK(t, s) =

∑K
k=1 φk(t)ψk(s). We will show thatβK(t, s) has the minimum prediction error among a large family

of functions of (t, s). Let xnew(s) be a new observation of the predictor with the same distribution as

X(s) andyK
pred(t) = β0(t)+

∫ b

a
βK(t, s)xnew(s)dsbe the predicted response based onβ0(t) andβK(t, s).
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Theorem 2.1. For any positive integer K, yKpred(t) has the smallest mean integrated squared pre-

diction error among all predicted functions of the form̃ypred(t) = β0(t) +
∫ b

a
β̃K(t, s)xnew(s)ds, with

β̃K(t, s) =
∑K

i=1

∑K
j=1 ai jξi(t)ζ j(s), whereξi(t) and ζ j(s) are arbitrary square integrable functions

and ai j is an arbitrary number.

Note that if the covariance functionΣ(s, s′) of X(s) has eigenvalues equal to zero, the orig-

inal model (2.1) is not identifiable, that is, we can findβ̄(t, s) , β(t, s), but
∫ b

a
β(t, s)X(s)ds =

∫ b

a
β̄(t, s)X(s)ds (In this paper, two random variables are equal means they are the same almost

surely). The identifiability problem of function-on-function linear regression model has been

discussed in Heet al. (2000), Chiouet al. (2004) and Scheipl and Greven (2015). In this pa-

per, we do not assume that all the eigenvalues ofΣ are positive, which is rather restrictive

sinceΣ(s, s′) is an operator defined in the infinite dimensional spaceL2[a,b]. Then we cannot

recoverβ(t, s). Instead we only focus on predicting the response function. In the following,

we say thatβ̄(t, s) is another choiceof β(t, s) if
∫ b

a
β(t, s)X(s)ds =

∫ b

a
β̄(t, s)X(s)ds, and cor-

respondingly definēψk(s) = σ−2
k

∫ d

c
φk(t)β̄(t, s)dt and β̄k(t, s) =

∑K
k=1 φk(t)ψ̄k(s). Then we have

Zk =
∫ b

a
X(s)ψ̄k(s)ds=

∫ b

a
X(s)ψk(s)dsand

∫ b

a
X(s)β̄k(t, s)ds=

∫ b

a
X(s)βk(t, s)ds. Althoughβ̄k(t, s)

may not be equal toβk(t, s), there is no difference between them in terms of prediction because
∫ b

a
xnew(s)β̄k(t, s)ds=

∫ b

a
xnew(s)βk(t, s)dsby the fact thatxnew(s) has the same distribution asX(s).

Therefore, Theorem 2.1 actually holds for any choice ofβ(t, s).

It deserves mention that our truncated expansion forβ(t, s),
∑K

k=1 φk(t)ψk(s), differs from

other commonly used expansions,
∑K

k=1 φ
Y
k (t)ψY

k (s) and
∑K

k=1 φ
X
k (t)ψX

k (s), whereφY
k (t) andψX

k (s)

are the unit norm eigenfunctions of the covariance functions forY(t) and X(s), respectively,

ψY
k (s) =

∫ d

c
φY

k (t)β(t, s)dt and φX
k (t) =

∫ b

a
β(t, s)ψX

k (s)ds. (1) φk(t) is different fromφY
k (t). As

Cov(Y(t),Y(t′)) = E[F(t)F(t′)] + E[ε(t)ε(t′)] = Λ(t, t′) + Σε(t, t′), generally, the eigenfunctions

φY
k (t)’s of Cov(Y(t),Y(t′)) are not the same as the scaled eigenfunctionsφk(t)’s of Λ(t, t′) up to

scale factors, except some special cases (for example,Σε(t, t′) = 0 if t , t′ andΣε(t, t) is a

constant not depending ont). (2) ψk(s)’s are completely different fromψX
k (s)’s. The eigenfunc-

tionsψX
k (s) only depend on the distribution ofX(s) and have nothing to do withβ(t, s), whereas

ψk(s) is adaptive toF(t) and hence depends on bothX(s) and β(t, s). (3) The most important
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difference is that
∫ b

a
X(s){

∑K
k=1 φk(t)ψk(s)}ds is the bestK-dimensional approximation toF(t), but

∫ b

a
X(s){

∑K
k=1 φ

X
k (t)ψX

k (s)}dsand
∫ b

a
X(s){

∑K
k=1 φ

Y
k (t)ψY

k (s)}dsare not. In Figure 1, we visually illus-

trate the difference betweenψX
k (s) andψk(s) and betweenφY(t) andφ(t), and the difference of these

three expansions in approximatingF(t) through a specific example. We consider three specific co-

variance functionsΣ1, Σ2 andΣ3 given in (4.1) of Section 4 for simulation studies. They belong to

three commonly used families of covariance functions, respectively. In this example, suppose that

X(s), 0 ≤ s≤ 2, has the covariance functionΣ1 andε(t), 0 ≤ t ≤ 1, has the covarianceΣ3. Instead

of considering a specificβ(t, s), we randomly generatedβ(t, s) from
∑100

m=1 ξm(t)ζm(s)/(5m), where

each ofξ1(t), ∙ ∙ ∙ , ξ100(t) andζ1(s), ∙ ∙ ∙ , ζ100(s) are independent Gaussian processes with covariance

functionΣ2. We generate 100 functionsβ(t, s). For each of them, we calculate the relative approxi-

mation error toF(t), which is defined asE[‖F −
∫ b

a
X(s){

∑K
k=1ψk(s)φk}ds‖2]/E[‖F‖2] and similarly

defined for the other two expansions. We plot these errors for individualβ(t, s) and the average er-

rors versus the number of componentsK in the top of Figure 1. The top right figure shows that only

four components are needed for
∫ b

a
X(s){

∑K
k=1 φk(∙)ψk(s)}dsto achieve less than 5% average relative

approximation errors, whereas eight and ten components are needed for
∫ b

a
X(s){

∑K
k=1 φ

Y
k (∙)ψY

k (s)}ds

and
∫ b

a
X(s){

∑K
k=1 φ

X
k (∙)ψX

k (s)}ds, respectively. The bottom panel of Figure 1 shows the difference

betweenφ1(t) andφY
1(t) and betweenψ1(s) andψX

1 (s) for three differentβ(t, s). For differentβ(t, s),

ψX
k (s) is unchanged as the covariance function forX(s) is fixed in this example, butψk(s)’s are

quite different from each other and fromψX
k (s). AlthoughφY

k (t)’s also depend onβ(t, s), they are

different fromφk(t)’s.

Now we propose our method to find estimatorsψ̂k(s), φ̂k(s), and̂βk(t, s). Note thatφk(t)’s are not

the scaled eigenfunctions ofY(t) andψk(s)’s are not the scaled eigenfunctions ofX(s), the FPCA

approach is not applicable. We propose to first estimateψk(s)’s, and then estimateφk(t)’s. In the

following theorem, we characterizeψk(s)’s as the solutions to a generalized functional eigenvalue

problem and then propose the sample version of the problem to findψ̂k(s)’s.

Theorem 2.2.Assume that the multiplicity of each positive eigenvalueσ2
k of F(t) is one.

(a). For any k withσk > 0, ψk(s) is a solution to the following functional generalized eigenvalue
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problem:

max
ψ

∫ b

a

∫ b

a
ψ(s)B(s, s′)ψ(s′)dsds′, subject to

∫ b

a

∫ b

a
ψ(s)Σ(s, s′)ψ(s′)dsds′ = 1,

and
∫ b

a

∫ b

a
ψ(s)Σ(s, s′)ψl(s

′)dsds′ = 0 for all 1≤ l ≤ k− 1, (2.5)

whereB(s, s′) =
∫ d

c
E [X(s)F(r)] E [F(r)X(s′)] dr, and the maximum value of(2.5) isσ2

k.

(b). For any choiceβ̄(t, s) of β(t, s), the correspondinḡψk(s) is also a solution to(2.5). Con-

versely, let{ψ̄1(s), ψ̄2(s), ∙ ∙ ∙ } be any set of solutions to(2.5). We can find a choicēβ(t, s) of

β(t, s) such thatψ̄k(s) = σ−2
k

∫ d

c
φk(t)β̄(t, s)dt for any k withσ2

k > 0.

(c). We have E
[∫ d

c
{Zkφk(t)}

2 dt
]
= σ2

k and E
[∫ d

c
F(t)2dt

]
=

∑∞
k=1σ

2
k. For any K > 0, the mean

integrated squared error of the best K-dimensional approximation to F(t) is

E




∫ d

c


F(t) −

K∑

k=1

Zkφk(t)




2

dt


 =

∞∑

j=K+1

σ2
k.

TheB(s, s′) defined in Theorem 2.2 (a) is a nonnegative definite symmetric kernel function. It

depends onX(s) andF(t), and hence does not depend on the choice ofβ(t, s). To interpret of the

generalized eigenvalue problem (2.5), we extend the usual concepts of correlation coefficient and

covariance between two random variables to the case of a random variable and a random function.

Let V be any random variable with mean zero and finite variance, andξ(t) be any random function

defined on an interval [l,u] with mean zero and
∫ u

l
E[ξ(t)2]dt < ∞. We define the integrated

squared correlation coefficient (ISCorr) and the integrated squared covariance (ISCov) betweenV

andξ(t) by

ISCorr(V, ξ(t)) =

∫ u

l
(E[Vξ(t)])2 dt

E[V2]
∫ u

l
E[ξ(t)2]dt

, and ISCov(V, ξ(t)) =
∫ u

l
(E[Vξ(t)])2 dt,

respectively. By the Cauchy-Schwarz inequality, ISCorr(V, ξ(t)) is between 0 and 1. Whenk = 1,

solving (2.5) is equivalent to finding a functionψ(s) ∈ L2[a,b], such that the random variable
∫ b

a
ψ(s)X(s)ds has unit variance (the first constraint in (2.5)) and has the largest ISCorr with the

signal functionF(t). Fork > 1, we impose an additional constraint that the variable
∫ b

a
ψ(s)X(s)ds
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is uncorrelated with
∫ b

a
ψl(s)X(s)ds for l < k. These two constraints come from the KL expansion

F(t) =
∑∞

k=1 Zkφk(t), whereZk =
∫ b

a
ψk(s)X(s)dsare uncorrelated unit variance variables. If these

constraints were not satisfied, the obtainedψk and henceZk will not give the KL expansion of

F(t). A related approach, the functional partial least squares (FPLS), has been developed for

scalar-on-function linear regression models (Reiss and Ogden, 2007; Delaigleet al., 2012). The

basic idea of FPLS is to findψPLS
k (s) to create new predictors,ZPLS

k =
∫ b

a
ψPLS

k (s)X(s)ds, so that

the covariance between the scalar response and the new predictor is maximized, with additional

smoothness and integrability conditions imposed onψPLS
k (s). Although this idea can be extended

to function-on-function regression by maximizing the integrated squared covariance rather than the

integrated squared correlation, the obtained expansion would not lead to the best finite-dimensional

approximation toF(t).

As Σ(s, s′) may have eigenvalues equal to zero, the solutions to the generalized eigenvalue

problem (2.5) may not be unique. However, based on Theorem 2.2 (b) and the above discussion

about the identifiability, for any solutions̄ψk(s)’s of (2.5), we haveZk =
∫ b

a
X(s)ψ̄k(s)ds, whereZk’s

are the coefficients in the KL expansion ofF(t), and
∑K

k=1 φk(t)ψ̄k(s) enjoys the predictive property

in Theorem 2.2.

Based on Theorem 2.2 (c),σ2
k can be considered as a measure of the signal magnitude in thek-

th componentZkφk(t). Then the transformation (2.3) compresses the signal into the first few terms

in
∑

k:σk>0 Zkφk(t) as much as possible. So we call our method theSignal Compression approach

(SigComp).

Now givenn independent pairs of sample curves{(yi(t), xi(s)),1 ≤ i ≤ n} from the model (2.1),

we have

yi(t) = β0(t) +
∑

k:σk>0

zikφk(t) + εi(t), 1 ≤ i ≤ n (2.6)

wherezik =
∫ b

a
xi(s)ψk(s)ds is the i-th observed value ofZk. Let ȳ(t) =

∑n
i=1 yi(t)/n, x̄(s) =

10
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∑n
i=1 xi(s)/n,

B̂(s, s′) =
1
n2

n∑

i=1

n∑

j=1

[xi(s) − x̄(s)]

[∫ d

c
[yi(r) − ȳ(r)][yj(r) − ȳ(r)]dr

]

[xj(s
′) − x̄(s′)],

Σ̂(s, s′) =
1
n

n∑

i=1

[xi(s) − x̄(s)][ xi(s
′) − x̄(s′)], (2.7)

whereΣ̂ is the sample covariance function ofx(s). To see that̂B is an estimate ofB, let fi(t) =
∫ b

a
β(t, s)xi(s)dsbe thei-th sample curve ofF(t). Then we have

∑n
i=1[xi(s)− x̄(s)][yi(r)− ȳ(r)]/n =

∑n
i=1[xi(s)− x̄(s)][ fi(r)− f̄ (r)]/n+

∑n
i=1[xi(s)− x̄(s)][εi(r)− ε̄(r)]/n, where the first term on the right

hand side converges toE[X(s)F(r)] by the law of large numbers and the second term goes to zero

due to the independence ofxi andεi. The details can be found in the proof of Lemma A.1 in the

supplementary material. We propose to sequentially obtain estimatesψ̂k(s), k ≥ 1, by solving

max
ψ

∫ b

a

∫ b

a
ψ(s)B̂(s, s′)ψ(s′)dsds′

∫ b

a

∫ b

a
ψ(s)Σ̂(s, s′)ψ(s′)dsds′ + λ

[∫ b

a
ψ(s)2ds+ τ

∫ b

a
ψ′′(s)2ds

] , (2.8)

subject to
∫ b

a

∫ b

a
ψ(s)Σ̂(s, s′)ψ(s′)dsds′ = 1, and

∫ b

a

∫ b

a
ψ̂(s)Σ̂(s, s′)ψl(s

′)dsds′ = 0,

for all 1 ≤ l ≤ k−1, whereψ′′(s) is the second derivative ofψ(s). In (2.8), there are two tuning pa-

rametersλ ≥ 0 andτ ≥ 0. They control the effects of theL2-norm of bothψ andψ′′ in the penalty.

The control of theL2-norm ofψk is essential for the consistency of the estimate ofF(t) and upper

bounds on the prediction errors. Unlike the usual eigenvalue problems as in the FPCA, without the

penalty on‖ψ‖2 in (2.8), theL2-norms of the solutions can be arbitrarily large. In fact, it follows

from the definitions of̂B andΣ̂ that the two double integrals in the objective function of (2.8) are

unchanged if we replaceψ(s) by ψ(s) + ψ̃(s), whereψ̃(s) is any function orthogonal to the sample

curvesx1(s), ∙ ∙ ∙ , xn(s). Then, without penalty on‖ψ‖2, the norm of the solution can be unbounded

asn→ ∞. In this case, even if
∫ b

a
xi(s)ψ̂k(s)ds is a good estimate tozik =

∫ b

a
xi(s)ψk(s)ds for any

1 ≤ i ≤ n, given a new predictorxnew,
∫ b

a
xnew(s)ψ̂k(s)dsmay not be close to

∫ b

a
xnew(s)ψk(s)dsas

n→ ∞. Therefore, the predictive ability will be affected. The smoothness penalty
∫ b

a
ψ′′(s)2dshas

been widely used in functional data analysis (Ramsay and Silverman (2005)) to ensure smooth-

11
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ness of the estimated curves. The smoothness penalty helps reducing the model complexity and

increasing the interpretation. There are different ways to impose the smoothness penalty. For ex-

ample, for the least squares problems, the smoothness penalty is usually added to the integrated

sum squares (Ramsay and Silverman (2005)). For the functional PCA, Rice and Silverman (1991)

put the smoothness penalty in the numerator of the objective function of the eigenvalue problem of

Σ with the negative sign, whereas Silverman (1996) added the smoothness penalty in the denomi-

nator to make the objective function always nonnegative. We incorporate the smoothness penalty

in a similar way as in Silverman (1996).

Suppose that we have obtained the firstK estimateŝψ1(s), ∙ ∙ ∙ , ψ̂K(s), where the choice of

K will be introduced in Section 3. Then we estimate the predictorszik in the model (2.6) by

ẑik =
∫ b

a
[xi(s) − x̄(s)]ψ̂k(s)ds, for 1 ≤ i ≤ n and 1≤ k ≤ K. Sinceβ0(t), φ1(t), ∙ ∙ ∙ φK(t) are the

intercept and the coefficient functions in the model (2.6), we propose to estimate them by solving

a linear function-on-scalar regression problem where the vector of sample response functions is

y(t) = (y1(t), ∙ ∙ ∙ , yn(t))T and the predictor vectors are1n, ẑ1, ∙ ∙ ∙ , ẑK, where1n is ann-dimensional

vector with all elements equal to one andẑk = (̂z1k, ∙ ∙ ∙ , ẑnk)T. We use the penalized least squares

method in Chapter 13 in Ramsay and Silverman (2005) which solves

min
β(t),

ϕ1(t),∙∙∙ ,ϕK (t)



1
n

n∑

i=1

∫ d

c




yi(t) − β(t) −

K∑

k=1

ẑikϕk(t)





2

dt+ η
∫ d

c




β′′(t)2 +

K∑

k=1

ϕ′′k (t)2





dt


 , (2.9)

where the minimum is taken over all possible functionsβ(t) andϕi(t), for 1 ≤ i ≤ K, with square-

integrable second derivatives in [c,d]. The first term in the objective function is the integrated

sum of squared residuals and the second term is the roughness penalty to get smooth estimates of

β0(t), φ1(t), ∙ ∙ ∙ φK(t). η is the tuning parameter. Let̂β0(t), φ̂1(t), ∙ ∙ ∙ φ̂K(t) be the solution to (2.9).

With the constraints in (2.8), we have thatẑ1, ∙ ∙ ∙ , ẑK are orthogonal and̂zT
k ẑk = n. Moreover, since

∑n
i=1 ẑik = 0 for any 1≤ k ≤ K, ẑ1, ∙ ∙ ∙ , ẑK are also orthogonal to1n. Therefore,̂β0(t), φ̂1(t), ∙ ∙ ∙ φ̂K(t)

can be obtained separately, which dramatically reduces the computational load for soving (2.9).

12
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β̂0(t) andφ̂k(t) are the solutions to

min
β(t)

[∫ d

c
|β(t) − ȳ(t)|2dt+ η

∫ d

c
|β′′(t)|2dt

]

, (2.10)

min
vk(t)

[∫ d

c
|vk(t) − φ̂

0
k(t)|

2dt+ η
∫ d

c
|v′′k (t)|2dt

]

, 1 ≤ k ≤ K, (2.11)

respectively, wherêφ0
k(t) = 1

n̂zT
ky(t) is the least squares estimate ofφk(t) without smoothness

penalty. Note that both the estimatesψ̂k(s) andφ̂k(t) do not depend on the choice of the number

K of components as long asK > k. This property helps to improve the computational efficiency.

Let β̂K(t, s) =
∑K

k=1 φ̂k(t)ψ̂k(s) and F̂K(t) =
∫ b

a
[x(s) − x̄(s)1n] β̂K(t, s)ds which is the estimate of

F(t) =
∫ b

a
x(s)β(t, s)ds, the vector ofn sample signal functions, wherex(s) = (x1(s), ∙ ∙ ∙ , xn(s))T.

As pointed out above, the expansion
∑k

i=1 φi(t)ψi(s) is different from
∑k

i=1 φ
X
i (t)ψX

i (s), where

ψX
i (s) is the unit norm eigenfunction ofX andφX

i (t) =
∫ b

a
β(t, s)ψX

i (s)ds. The later expansion

is related to the usual principal component regression (which is different from the approach in

Yao et al. (2005) and Wu and M̈uller (2011)): first to estimatêψX
k (s) of ψX

i (s) based on the usual

FPCA, then to calculate the PC scoresẑX
k = (̂zX

1k, ∙ ∙ ∙ , ẑ
X
nk)

T, wherêzX
ik =

∫ b

a
[xi(s)− x̄(s)]ψ̂X

k (s)ds, for

1 ≤ i ≤ n and 1≤ k ≤ K, and finally to regressy(t) on 1n, ẑX
1 , ∙ ∙ ∙ , ẑ

X
K to obtain the estimatêφX

k (t)

as the regression coefficient functions. This FPCR procedure expandsβ(t, s) with
∑k

i=1 φ
X
i (t)ψX

i (s)

and we use
∑k

i=1 φi(t)ψi(s) instead. We will compare these two procedures in simulation studies

and real data application.

2.2 Asymptotic theory

In this section, we study the asymptotic property ofF̂K(t). Let xnew(s) be a new observed functional

predictor with the corresponding response curveynew(t) and they are independent of the datax(s)

andy(t). Let ŷK
pred(t) = β̂0(t) +

∫ b

a
β̂K(t, s)[xnew(s) − x̄(s)]ds be the predicted response based on

the estimateŝβ0(t) and β̂K(t, s). We will also provide an upper bound for the prediction error

ŷK
pred(t) − ynew(t).
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To emphasize the dependence on the sample sizen, we usêBn andΣ̂n to denote the estimates of

B andΣ, respectively. For anyψ, φ ∈ L2[a,b], let 〈φ, ψ〉 =
∫ b

a
φ(s)ψ(s)dsand‖φ‖ =

√∫ b

a
φ(s)2ds

denote the inner product ofφ andψ and theL2-norm ofφ, respectively. For any square integrable

kernel functionK (s, s′), wherea ≤ s, s′ ≤ b, we define an integral operatorK in L2[a,b] such that

for anyφ ∈ L2[a,b], (Kφ)(s) =
∫ b

a
K (s, s′)φ(s′)ds′. ThenKφ ∈ L2[a,b]. With these notations,

we have
∫ b

a

∫ b

a
φ(s)B(s, s′)ψ(s′)dsds′ = 〈φ,Bψ〉. Moreover, as the functionB is symmetric, i.e.,

B(s, s′) = B(s′, s), we have〈φ,Bψ〉 = 〈Bφ, ψ〉 = 〈ψ,Bφ〉. So the corresponding integral oper-

ator is also symmetric. The same interpretations and equalities also apply to〈φ, B̂nψ〉, 〈φ, Σ̂nψ〉

and 〈φ,Σψ〉. As bothψ̂k and−ψ̂k are the solutions to (2.8), we choose the sign ofψ̂k such that

〈ψ̂k,Σψk〉 ≥ 0, for anyk ≥ 1. Let σ̂2
k denote the maximum value of (2.8), which is an estimate of

σ2
k, thek-th eigenvalue of the covariance functionΛ(t, t′) of the signalF(t).

Theorem 2.3. Assume that the predictor process X(s) satisfies the condition E[‖X‖4] < ∞, the

noise processε(t) satisfies the condition E[‖ε‖2] < ∞, and for any k withσ2
k > 0, the multiplicity

ofσ2
k equals one.

(a). For anyε > 0 and any n, there exists an eventΩn,ε with P(Ωn,ε) > 1 − ε, such that inΩn,ε,

if we takeλn = C/
√

n, cτ ≤ τn ≤ Cτ andηn = Cη/
√

n, where C and Cη are constants large

enough and cτ < Cτ are any two positive constants (all of the four constants do not depend

on n), for any k withσ2
k > 0, we have

‖̂β0 − β0‖
2 ≤

D0
√

n
, ‖ψ̂k‖

2 ≤ Dk,1, ‖ψ̂′′k ‖
2 ≤ Dk,2,

|σ̂2
k − σ

2
k| ≤

Dk,3
√

n
,

1
n
‖̂zk − zk‖

2
2 ≤

Dk,4
√

n
, ‖φ̂k − φk‖

2 ≤
Dk,5
√

n
,

1
n

∫ d

c
‖F̂k(t) − Fk(t)‖22 dt ≤

Mk,1
√

n
,

1
n

∫ d

c
‖F(t) − Fk(t)‖22 dt ≤

Mk,2
√

n
+

∞∑

i=k+1

σ2
i ,

E
[
‖̂yk

pred− ynew‖
2|x(s), y(t)

]
≤

Mk,3
√

n
+

∞∑

i=k+1

σ2
i + E

[
‖εnew‖

2
]
,

for all n ≥ n0(ε), where n0(ε), D0, Dk,i (1 ≤ i ≤ 5) and Mk,i (1 ≤ i ≤ 3) are all constants only
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depending onε, C, Cη, cτ, Cτ, σ2
l , ‖ψl‖ and‖ψ′′l ‖, 1 ≤ l ≤ k, and not depending on n.

(b). There exists a nonrandom sequence{Kn,n ≥ 1} such that if we choose Kn components when

the sample size is n, then as n→ ∞, we have

1
n

∫ d

c
‖F̂Kn(t) − F(t)‖22dt→ 0, and E

[
‖̂yKn

pred− ynew‖
2|x(s), y(t)] → E[‖εnew‖

2
]

almost surely.

Theorem 2.3 (a) implies that theL2-norm of bothψ̂k and its second derivative are bounded in

probability, and̂σ2
k, ẑk andφ̂k are all consistent estimates. The term

∑∞
i=k+1σ

2
i in the upper bounds

of the last two inequalities is due to the fact that we use a finite-dimensional estimate ofβ(t, s).

This term cannot be reduced if the estimate has the form
∑k

i=1

∑k
j=1 ai jξi(t)ζ j(s). Generally, the

constantsDk,i (1 ≤ i ≤ 5) andMk,i (1 ≤ i ≤ 3) in Theorem 2.3 (a) will increase withk and may

not be bounded ask→ ∞, and they depend onε, C, Cη, cτ, Cτ, σ2
l , ‖ψl‖ and‖ψ′′l ‖, 1 ≤ l ≤ k, in a

complicated way. Therefore, in Theorem 2.3 (b), we cannot give an explicit order ofKn in terms of

n and the convergence rates forF̂Kn(t) andE
[
‖̂yKn

pred− ynew‖2|x(s), y(t)
]
. The conditionE[‖X‖4] < ∞

is used to establish the central limit theorem forΣ̂n andB̂n in the Hilbert space of Hilbert-Schmidt

operators (details in the proof of Lemma A.1). This condition has been used in different contexts

such as Dauxoiset al. (1982) in FPCA and Delaigleet al. (2012) in FPLS. The condition that the

eigenvalueσ2
k > 0 has multiplicity one ensures that the corresponding scaled eigenfunctionφk can

be uniquely defined, and hence can be consistently estimated. This condition is not restrictive.

SinceΛ is a compact operator inL2[c,d], its eigenvaluesσ2
k’s continuously depend onΛ (Chapter

X in Dunford and Schwartz (1988)) and hence onβ(t, s). Therefore, only for some specialβ(t, s),

the eigenvalues may have multiplicities more than one, and an arbitrary small perturbation on these

β(t, s) can make the multiplicities become one.
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2.3 Signal compression approach for multiple functional predictors

Now we consider the general model (1.1):Y(t) = β0(t) +
∑Q

q=1

∫ bq

aq
βq(t, sq)Xq(sq)dsq + ε(t), where

Q is the number of functional predictors andc ≤ t ≤ d. As mentioned in Section 1, much more

basis functions are needed to provide adequate approximations to all coefficient functions whenQ

is large. For example, with the method of Ramsay and Dalzell (1991) and Ramsay and Silverman

(2005), if we expand each coefficient function using 40 B-spline basis functions for each ofs

andt, then we need to simultaneously estimate 1600 coefficient parameters ifQ = 1, and 48000

coefficient parameters ifQ = 30. Therefore, it is essential to choose appropriate basis functions

and the corresponding expansions for the model with multiple functional predictors. We will

extend our signal compression approach to the general model. This will greatly reduce the number

of parameters to be estimated, improve the computational efficiency, and improve the prediction

accuracy.

The signal function of model (1.1) isF(t) =
∑Q

q=1

∫ bq

aq
βq(t, sq)Xq(sq)dsq. We still have the KL

expansionF(t) =
∑∞

k=1 Z̃kφ̃k(t), whereφ̃k(t) is thek-th unit-norm eigenfucntion ofΛ(t, t′) with the

k-th eigenvalueσ2
k, andZ̃k =

∫ d

c
F(t)φ̃k(t)dt. Similarly, we define the scaled versionsZk = Z̃k/σk

andφk(t) = σkφ̃k(t), and have the transformed modelY(t) = β0(t) +
∑

k:σk>0 Zkφk(t) + ε(t). The

explicit expression forΛ(t, t′) is given in (A.2) in the supplementary material. Compared to the

case of one predictor function, the major difference is that in order to estimateZk for eachk, instead

of estimating a single functionψk(s), we need to estimateQ functionsψk1(s1), ψk2(s2), ∙ ∙ ∙ , ψkQ(sQ)

simultaneously, whereψkq(sq) = 1
σ2

k

∫ d

c
φk(t)βq(t, sq)dt. Let Ψk = (ψk1(s1), ψk2(s2), ∙ ∙ ∙ , ψkQ(sQ)).

We haveZk =
∑Q

q=1

∫ bq

aq
Xq(sq)ψkq(sq)dsq. As an analogue to Theorem 2.1, in Theorem A.1 in the

supplementary material, we show that for anyK, (
∑K

k=1 φk(t)ψk1(s1), ∙ ∙ ∙ ,
∑K

k=1 φk(t)ψkQ(sQ)), as an

estimate of (β1(t, s), ∙ ∙ ∙ , βQ(t, s)), has the smallest prediction error among all estimates of the form

(
K∑

i=1

K∑

j=1

a(1)
i j ξi(t)ζ j1(s1),

K∑

i=1

K∑

j=1

a(2)
i j ξi(t)ζ j2(s2), ∙ ∙ ∙ ,

K∑

i=1

K∑

j=1

a(Q)
i j ξi(t)ζ jQ(sQ)),
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whereξi(t), ζ jq(s) are arbitrary square integrable functions anda(q)
i j is an arbitrary number, 1≤

i, j ≤ K and 1≤ q ≤ Q. Similar to the case ofQ = 1, we characterize{Ψk : k ≥ 1} as the solutions

to a generalized eigenvalue problem in Theorem A.2 in Section A.I of the supplementary material.

Now suppose that we haven independent observations{(yi(t), xi1(t), xi2(t) ∙ ∙ ∙ , xiQ(t)),1 ≤ i ≤ n}

satisfying

yi(t) = β0(t) +
Q∑

q=1

∫ bq

aq

βq(t, sq)xiq(sq)dsq + εi(t) = β0(t) +
∑

k:σk>0

zikφk(t) + εi(t),

1 ≤ i ≤ n, wherezik =
∑Q

q=1

∫ bq

aq
xiq(sq)ψkq(sq)dsq. Define

B̂qp(sq, s
′
p) =

1
n2

n∑

i=1

n∑

j=1

[xiq(sq) − x̄q(sq)]

[∫ d

c
[yi(r) − ȳ(r)][yj(r) − ȳ(r)]dr

]

[xjp(s′p) − x̄p(s
′
p)],

Σ̂qp(sq, s
′
p) =

1
n

n∑

i=1

[xiq(sq) − x̄q(sq)][ xip(s′p) − x̄p(s
′
p)], 1 ≤ p,q ≤ Q. (2.12)

Then the estimateŝΨk = (ψ̂k1(s1), ψ̂k2(s2), ∙ ∙ ∙ , ψ̂kQ(sQ)) of Ψk, 1 ≤ k ≤ K, are obtained by solving

max
(ψ1,∙∙∙ ,ψQ)

g(ψ1, ∙ ∙ ∙ , ψQ), subject to
Q∑

q=1

Q∑

p=1

∫ bq

aq

∫ bp

ap

ψq(sq)Σ̂qp(sq, s
′
p)ψp(s

′
p)dsqds′p = 1,

and
Q∑

q=1

Q∑

p=1

∫ bq

aq

∫ bp

ap

ψq(sq)Σ̂(sq, s
′
p)ψ̂lp(s′p)dsqds′p = 0, for 1 ≤ l ≤ k− 1, (2.13)

where the objective functiong(ψ1, ψ2, ∙ ∙ ∙ , ψQ) is given by

∑Q
q=1

∑Q
p=1

∫ bq

aq

∫ bp

ap
ψq(sq)B̂qp(sq, s′p)ψp(s′p)dsqds′p

∑Q
q=1

∑Q
p=1

∫ bq

aq

∫ bp

ap
ψq(sq)Σ̂qp(sq, s′p)ψp(s′p)dsqds′p +

∑Q
q=1 λ

[∫ bq

aq
ψq(sq)2dsq + τ

∫ bq

aq
ψ′′q (sq)2dsq

] .

Let ẑik =
∑Q

q=1

∫ bq

aq
(xiq(sq) − x̄q(sq))ψ̂kq(sq)dsq, 1 ≤ k ≤ K and 1≤ i ≤ n. The estimateŝβ0(t), φ̂1(t), ∙ ∙ ∙ φ̂K(t)

are obtained by the same procedure as in the case ofQ = 1. Finally, for each 1≤ q ≤ Q, β̂k
q(t, sq) =

φ̂1(t)ψ̂1q(sq)+ φ̂2(t)ψ̂2q(sq)+ ∙ ∙ ∙+ φ̂k(t)ψ̂kq(sq). Consider the above example where we use 40 B-spline basis

functions for each ofs andt. Instead of simultaneously estimating the 1600Q coefficient parameters as the

method in Ramsay and Silverman (2005), we estimate{Ψk : 1 ≤ k ≤ K} sequentially, and estimateφk(t),
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1 ≤ k ≤ K, after{Ψk : 1 ≤ k ≤ K} have been estimated. To specifyΨk for each 1≤ k ≤ K, we only need

to estimate 40Q coefficient parameters. As to be shown in Section 3.2, we can estimateφ1(t), ∙ ∙ ∙ , φK(t)

separately. So we greatly reduce the number of parameters in each step.

Our approach can also be extended to the following model with both multiple functional and scalar

predictors,

Y(t) = β0(t) +
P∑

i=1

Uiαi(t) +
Q∑

q=1

∫ bq

aq

βq(t, sq)Xq(sq)dsq + ε(t), (2.14)

where for each 1≤ i ≤ P, the predictorUi is a scalar random variable andαi(t) is the corresponding

coefficient function. The details are given in Section A.I of the supplementary material.

3 Computational issues

The optimization problem is a special case of (2.8). In this section, we will discuss the details of solving

the optimization problems (2.13), (2.10) and (2.11), and propose methods to select the tuning parameters

and the number of components. We illustrate our idea by assuming that bothyi(t) andxiq(sq), 1 ≤ q ≤ Q,

are densely and regularly observed. But the method can also be applied to densely but irregularly observed

curves. For eachq, we assume that the sample curves{xiq(sq), 1 ≤ i ≤ n} are observed in a common set of

discrete observation pointsaq = s1q < s2q < ∙ ∙ ∙ < slq,q = bq and{yi(t), 1 ≤ i ≤ n} are observed in a common

set of discrete observation pointsc = t1 < t2 < ∙ ∙ ∙ < t` = d, wherelq and` are the number of observation

points. For any continuous functionsf (sq), aq ≤ sq ≤ bq, andg(t), c ≤ t ≤ d, we use the following numerical

approximations to integrals:
∫ bq

aq
f (u)du ≈

∑lq
k=1 δ

(q)
k f (skq) and

∫ d

c
g(v)dv ≈

∑`
k=1 δkg(tk), where{δ(q)

k : 1 ≤

k ≤ lq} and{δk : 1 ≤ k ≤ `} are weights. There are several choices for the weights by different interpolation

formulas. For example, for equally spaced observation points, we can chooseδ
(q)
k = (bq − aq)/lq; for

unequally spaced observation points, we can chooseδ
(q)
1 = (s2q − s1q)/2, δ(q)

k = (s(k+1)q − s(k−1)q)/2 for

1 < k < lq, andδ(q)
lq

= (s1q,q − s(lq−1)q)/2, based on the trapezoidal formula.

18
ACCEPTED MANUSCRIPT



ACCEPTED MANUSCRIPT

3.1 Solving the optimization problem(2.13)

We approximate the solutions to (2.13) by basis expansions. Let{b1q(sq), b2q(sq), . . . , bmq,q(sq)} bemq basis

functions inL2[aq, bq], 1 ≤ q ≤ Q. In this paper, we choose B-spline basis functions in simulations and

real data analysis, and choose the numbersmq large enough. We solve (2.13) in the space spanned by

these basis functions. For any (ψ1, ψ2, ∙ ∙ ∙ , ψQ) with ψq(sq) =
∑mq

j=1 cjqbjq(sq) = cT
qbq(sq), 1 ≤ q ≤ Q,

wherebq(sq) = (b1q(sq), . . . , bmq,q(sq))T andcq = (c1q, . . . , cmq,q)T, the numerator of the objective function

g(ψ1, ψ2, ∙ ∙ ∙ , ψQ) in (2.13) can be expressed as

Q∑

q,p=1

∫ bq

aq

∫ bp

ap

ψq(sq)B̂qp(sq, s
′
p)ψp(s′p)dsqds′p =

Q∑

q,p=1

cT
q




∫ bq

aq

∫ bp

ap

bq(sq)B̂qp(sq, s
′
p)bp(s′p)Tdsqds′p


 cq.

As mentioned above, the double integral in the bracket can be numerically approximated by

∫ bq

aq

∫ bp

ap

bq(sq)B̂qp(sq, s
′
p)bp(s′p)Tdsqds′p

≈ Qqp =
1
n2

n∑

i=1

n∑

j=1




lq∑

k=1

bq(skq){xiq(skq) − x̄q(skq)}δ
(q)
k




×



∑̀

k=1

{yi(tk) − ȳ(tk)}{yk(tk) − ȳ(tk)}δk







l p∑

k=1

bp(skp)
T{xjp(skp) − x̄p(skp)}δ

(p)
k


 .

Then the numerator of the objective functiong(ψ1, ψ2, ∙ ∙ ∙ , ψQ) can be approximated byαTQα, where

α = (cT
1 , c

T
2 , ∙ ∙ ∙ , c

T
Q)T is the collection of all coefficients of theQ basis expansions and is anM =

∑Q
q=1 mq

dimensional vector.Q is anM×M block matrix which can be partitioned intoQ×Q blocks with the (q, p)-th

block equal toQqp, 1 ≤ q, p ≤ Q. Similarly, the denominator of the objective functiong(ψ1, ψ2, ∙ ∙ ∙ , ψQ) in

(2.13) can be approximated byαTCα, whereC = H + λ(J + τJ(2)), andH, J andJ(2) are allM × M block

matrices with the (q, p)-th blocks respectively equal to

Hqp =
1
n

n∑

i=1




lq∑

k=1

bq(skq){xiq(skq) − x̄q(skq)}δ
(q)
k







l p∑

k=1

bp(skp)
T{xip(skp) − x̄p(skp)}δ

(p)
k


 ,

Jqp = J(2)
qp = 0 if p , q, and

Jqq =

∫ bq

aq

bq(sq)bq(sq)Tdsq, J(2)
qq =

∫ bq

aq

b′′q (sq)b′′q (sq)Tdsq if p = q .
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ThenQ, C andH are all nonnegative definite and symmetric matrices. We sequentially solve the following

problems. Let̂αk = (̂cT
k1, ĉ

T
k2, ∙ ∙ ∙ , ĉ

T
kQ)T be the solution to

max
α

αTQα
αTCα

, subject to αTHα = 1, αTHα̂l = 0, for all 1 ≤ l ≤ k− 1. (3.1)

Then the estimates (̂ψk1(s1), ψ̂k2(s2), ∙ ∙ ∙ , ψ̂kQ(sQ)) are given bŷψkq(sq) = ĉT
kqbq(sq), for any 1≤ k ≤ K and

1 ≤ q ≤ Q. To solve (3.1), we note that the solution of (3.1) differs from that of the following problem only

by a scale constant,

max
α

αTQα
αTCα

, subject to DT
k−1α = 0, (3.2)

whereDk−1 = [Hα̂1, . . . ,Hα̂k−1] is a (k− 1)× M matrix. Hence, we focus on (3.2). Consider the Cholesky

decompositionC = RTR, whereR is an invertible upper triangular matrix asC is full rank whenλ > 0.

Thenα̃k = R−1uk will be the solution to (3.2) ifuk is the solution to

max
u

uTAu

‖u‖22
, subject to ET

k−1u = 0, (3.3)

whereA = (R−1)TQR−1 andEk−1 = (R−1)TDk−1. LetAk−1 denote the subspace spanned by the columns of

Ek−1 andPk−1 denote the orthogonal projection matrix ontoAk−1. Whenk = 1, Ek−1 = Pk−1 = 0. It can

be seen that the solutionuk to (3.3) is the first eigenvector of (I − Pk−1)A(I − Pk−1). Since we only need the

leading eigenvector, we use the power method to find it. After we obtainuk andα̃k = R−1uk, the solution to

(3.1) is given bŷαk = α̃k/

√
α̃T

k Hα̃k for 1 ≤ k ≤ K.

When the numberQ of functional predictors is large, our simulation studies show that the running

time for solving (3.2) is dominated by the Cholesky decomposition. The computational complexity of the

Cholesky decomposition isO(M3) (see Section 2.3 in Ḧammerlin and Hoffmann (2012)). Therefore, if we

use the same number of basis functions for each functional predictor, the running time for solving (3.2) is

approximately proportional toQ3.

20
ACCEPTED MANUSCRIPT



ACCEPTED MANUSCRIPT

3.2 Calculation of φ̂k(t) and β̂0(t)

Once we obtain̂ψkq(sq), we computêzk = (̂z1k, ∙ ∙ ∙ , ẑnk)T by

ẑik =

Q∑

q=1

∫ bq

aq

(xiq(sq) − x̄q(sq))ψ̂kq(sq)dsq ≈
Q∑

q=1

mq∑

k=1

(xiq(skq) − x̄q(sq))ψ̂kq(skq)δ
(q)
k ,

for all 1 ≤ k ≤ K and 1≤ i ≤ n. We obtain̂β0(t) by solving (2.10) and̂φk(t) by solving (2.11). We will

approximate their solutions by basis expansions. LetΦ(t) = (Φ1(t), ∙ ∙ ∙ ,Φmt (t))
T, whereΦl , 1 ≤ l ≤ mt, are

mt basis functions inL2[c, d]. We only observey(t) at t1, ∙ ∙ ∙ , t`. Therefore, we approximate (2.10) by the

following problem

min
h∈Rmt




∑̀

j=1

[Φ(t j)
Th − ȳ(t j)]

2δ j + ηhT
(∫ d

c
Φ′′(t)Φ′′(t)dt

)

h


 , (3.4)

whereh is a vector of coefficients of the basis expansion. The solution to (3.4) is given by

ĥ =




∑̀

j=1

Φ(t j)Φ(t j)
Tδ j + η

∫ d

c
Φ′′(t)Φ′′(t)dt




−1 


∑̀

j=1

Φ(t j)ȳ(t j)δ j


 ,

andβ0(t) is estimated bŷβ0(t) = Φ(t)Tĥ. We approximate (2.11) by

min
d∈Rmt




∑̀

j=1

[Φ(t j)
Td − φ̂0

k(t j)]
2δ j + ηdT

(∫ d

c
Φ′′(t)Φ′′(t)dt

)

d


 , (3.5)

whered is the corresponding vector of basis coefficients and̂φ0
k(t) = 1

nẑT
k y(t) is the estimate ofφk(t) without

smoothness penalty. The solution to (3.5) is given by

d̂k =




∑̀

j=1

Φ(t j)Φ(t j)
Tδ j + η

∫ d

c
Φ′′(t)Φ′′(t)dt




−1 


∑̀

j=1

Φ(t j)φ̂
0
k(t j)δ j


 ,

and the estimatêφk(t) = Φ(t)Td̂k.

As we obtainΨ̂k = (ψ̂kq, ∙ ∙ ∙ , ψ̂kQ), 1 ≤ k ≤ K, first and then̂φk, andK is usually small, we greatly

reduce the number of parameters for prediction using model (1.1). In general, if we usemq basis to express

ψkq(sq), 1 ≤ q ≤ Q, and usemt basis to expressβ0(t) andφk(t), 1 ≤ k ≤ K, we need to estimate
∑Q

q=1 mq

parameters first for each of̂Ψk, 1 ≤ k ≤ K, and thenmt parameters for each ofβ0(t) andφk(t), 1 ≤ k ≤ K,

separately. But using the method of double basis expansion such as in Ramsay and Dalzell (1991) and
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Ramsay and Silverman (2005), one need to simultaneously estimate (
∑Q

q=1 mq + 1)mt parameters, including

the interceptβ0(t). As demonstrated in simulation studies, our method is computational efficient.

3.3 Choice of the number of components and tuning parameters

We choose the number of components and tuning parameters based on the following cross-validation proce-

dure, whereλ is chosen from the set{10−9,10−6, 10−3, 1}, τ is chosen from{10−4, 10−2, 1}, andη is chosen

from {10−10, 10−8, 10−6,10−4, 10−2, 1}.

We first determine the maximum numberKmax,i of components we need to calculate for each of the

12 pairs of (λ, τ), 1 ≤ i ≤ 12. Then the optimal number of components used for prediction,Kopt, will be

chosen between 1 and the maximum number, together with (λopt, τopt). By Theorem 2.2 (b),σ2
k measures

the signal magnitude of thek-th component, and by Theorem 2.3 (a), the maximum value (σ̂(i)
k )2 of (2.13)

is an estimate ofσ2
k. Hence, we only compute the first few components with large values ofσ̂2

k and stop

when the value becomes small enough. On the other hand, in Section 3.1, we approximate the optimization

problem (2.13) by (3.2) which is defined in anM-dimensional space, hence the number of components

cannot exceedM. With these two considerations, we define

K̂max,i = min{K̂(1)
max,i ,M}, whereK̂(1)

max,i = min




k > 1 :

(σ̂(i)
k )2

(σ̂(i)
1 )2 + ∙ ∙ ∙ + (σ̂(i)

k )2
≤ 0.01




. (3.6)

That is, we stop solving the sequential problems (2.13) when the number of components reachesM, or when

the signal in thekth component does not exceed 1% of the cumulative signal in the firstk components. Once

we have determined all thêKmax,i , we use the cross-validation method to determine the tuning parameters

and the optimal number of components,K̂opt, simultaneously. We summarize the details of the procedure in

the following algorithm.

Algorithm 3.1. 1. For the i-th paired value of the tuning parameters(λ, τ), 1 ≤ i ≤ 12, we determine

K̂max,i using the whole data set and(3.6).

2. We use the five-fold cross-validation to determine the number of components and the tuning param-

eters simultaneously. Specifically, we randomly split the whole data set into five subsets. For each
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1 ≤ v ≤ 5, we use the v-th subset as the v-th validation set and all other observations as the v-th

training set. Then for the i-th value forλ and the v-th training set,

(a) we estimate the vector(ψ̂(v,i)
k1 (s), ∙ ∙ ∙ , ψ̂(v,i)

kQ (s)) for all 1 ≤ k ≤ K̂max,i as in Section 3.1. For the

j-th value ofη, 1 ≤ j ≤ 6, we estimatêβ(v,i, j)
0 (t) andφ̂(v,i, j)

k (t), 1 ≤ k ≤ K̂max,i , as in Section 3.2.

(b) For each K = 1, ∙ ∙ ∙ , K̂max,i , we define the estimatêβ(v,i, j,K)
q (t, sq) = φ̂

(v,i, j)
1 (t)ψ̂(v,i)

1q (sq) +

φ̂
(v,i, j)
2 (t)ψ̂(v,i)

2q (sq) + ∙ ∙ ∙ + φ̂
(v,i, j)
K (t)ψ̂(v,i)

Kq (sq) of the q-th coefficient functionβq(t, sq), for all

1 ≤ q ≤ Q. Then we usêβ(v,i, j)
0 (t), β̂(v,i, j,K)

q (t, sq), 1 ≤ q ≤ Q and the v-th validation data

set to obtain the predicted curves{̂y(v,i, j,K)
m ,1 ≤ m ≤ nv} for the v-th validation set and calcu-

late the corresponding validation error ev,i, j,K =
∑nv

m=1

∑`
k=1(̂y(v,i, j,K)

m (tk) − y(v)
m (tk))2δk/nv, where

{y(v)
m , 1 ≤ m≤ nv} are the observed response curves and nv is the number of observations in the

v-th validation set.

After we repeat (a)-(b) for all1 ≤ v ≤ 5 and1 ≤ i ≤ 12, we calculate the average validation error,

ēi, j,K =
∑5

v=1 ev,i, j,K/5, for the i-th paired-value of(λ, τ), the j-th value ofη, and using the first K

components.

3. Letēi0, j0,K0 = min1≤i≤12,1≤ j≤6,1≤K≤K̂i
ēi, j,K. Then we choose the i0-th paired value for(λ, τ), the j0-th

value forη, and the optimal number of components isK̂opt = K0.

4 Simulation studies

This section contains two parts. In the first part, we consider the case that there is only one functional

predictor and compare our method with existing methods. In the second part, we study the performance

of our method for multiple functional predictors with or without multivariate scalar predictors. In all the

simulation studies, the functional predictors are all defined in 0≤ s ≤ 2 and the functional responses are

defined in 0≤ t ≤ 1, and we sample 100 equally spaced points ins and 100 equally spaced points int.
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4.1 Simulation studies for one prediction curve

In this subsection, we will consider two sets of simulation studies. In the first set, in order to consider differ-

ent covariance structures forX(s) and variousβ(t, s), we generate the sample curves ofX(s) from two differ-

ent Gaussian processes andβ(t, s) is also randomly generated based on another Gaussian process. In the sec-

ond set, we use similarX(s) andβ(t, s) as in Ivanescuet al.(2014). We will compare our method (denoted by

SigComp) with the following methods: the functional linear regression model (linmod) in Ramsay and Sil-

verman (2005), the functional linear regression via the Principal Analysis by Conditional Estimation (PACE)

algorithm (PACE-reg) in Yao et al. (2005), the penalized function-on-function regression (pffr) in Ivanescu

et al.(2014) and (pffr.pc) in Scheiplet al.(2015), and the functional principal component regression (FPCR)

described at the end of Section 2.1. In all simulations, we use 40 cubic B-spline basis for bothφ̂k(t) and

ψ̂k(s) in our method. Thelinmod is implemented in the package “fda” (J. O. Ramsay and Hooker (2014)) of

theR software (R Core Team (2015)). We use 40 cubic B-spline basis functions for bothsandt, and choose

both smoothness parameters from{10−10, 10−8, 10−6, 10−4,10−2, 1} for linmod. Bothpffr andpffr.pc are im-

plemented in the R package “refund” (Crainiceanuet al.(2014)). We use the default settings of them except

that we use 40 basis functions. ThePACE-regis downloaded from http://www.stat.ucdavis.edu/PACE/. It is

implemented inmatlab (The MathWorks (2011)) and we use the default setting. We implement theFPCR

as follows. We first use the functionfpca.face in refund to estimate the eigenfunctions ofX(s) and calculate

the PC scores, then use the functionfosr in refund to fit the function-on-scalar regression where we choose

the smoothness tuning parameters from{10−10, 10−8, 10−6,10−4, 10−2, 1}.

4.1.1 Simulation 1

We consider three different Gaussian processes with the following three covariance functions which belong

to three commonly used families, respectively.

Σ1(s, s′) = e−{10|s−s′|}2, Σ2(s, s′) =

(

1+ 20|s− s′| +
1
3
{20|s− s′|}2

)

e−20|s−s′|,

Σ3(s, s′) = e−{10|s−s′|}1.5. (4.1)
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The three processes have different smoothness levels. The first one in (4.1) is the squared exponential

covariance function and the Gaussian process generated from it has mean square derivatives of all orders

(Chapter 4 in Rasmussen and Williams (2005)). The second belongs to the Matérn class and the correspond-

ing Gaussian process has the second order mean square derivative. The last is theγ-exponential covariance

function withγ = 1.5 and the Gaussian process is mean square continuous but not mean square differen-

tiable. We plot sample curves for each of three Gaussian processes in Figure A.1 in the supplementary

material.

In this simulation, we generateX(s) from two Gaussian processes with covariance functionsΣ1 andΣ3,

respectively. In order to consider various intercept and coefficient functions, we randomly generateβ0(t)

andβ(t, s) in the following way:

β0(t) = ζ0(t), β(t, s) = 5ζ1(t)ξ1(s) + 10ζ2(t)ξ2(s) + 15ζ3(t)ξ3(s), (4.2)

whereζ0(t), ζ1(t), ∙ ∙ ∙ , ζ3(t) andξ1(s), ∙ ∙ ∙ , ξ3(s) are sample curves independently generated from the Gaus-

sian process with covariance functionΣ2(t, t′) andΣ2(s, s′), respectively, andΣ2(t, t′) has the same expres-

sion asΣ2(s, s′) but is defined in 0≤ t, t′ ≤ 1. Four examples forβ(t, s) randomly generated from (4.2) are

plotted in Figure A.2 in the supplementary material, and they appear to be quite different. The noise process

ε(t) is generated from the Gaussian process with covariance functionΣε(t, t′) = σ2ρ{30|t−t′|}2 for t , t′ and

σ2 for t = t′, whereσ2 is the variance ofε(t) andρ ≥ 0 controls the correlation betweenε(t) andε(t′), for

any 0≤ t, t′ ≤ 1. We consider two noise levelsσ2 = 0.1, 100, and two correlation levelsρ = 0, 0.7. The

two noise levels corresponds to the signal-to-noise ratio (the ratio between
∫ 1
0

E[F(t)2]dt and
∫ 1
0

E[ε(t)2]dt)

about 950 and 0.95, respectively. Whenρ = 0, ε(t) is the white noise process. Whenρ = 0.7, strong correla-

tions exist among{ε(t) : 0 ≤ t ≤ 1}, which makesε(t) smooth. In Figure A.3 in the supplementary material,

we plot three sample curves ofε(t) for each of the four combinations of the values ofσ2 andρ.

In this simulation, we consider all 8 combinations of the two types ofX(s) generated from the Gaussian

process with different covariance functions, twoσ2 values and twoρ values. For each combination, we

repeat the following procedures 50 times. In each replicate, we first randomly generate oneβ0(t) and one

β(t, s) based on (4.2). Then we generaten = 100 discretely observed random samples{xi(sk), εi(tl)|1 ≤ i ≤
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100,1 ≤ k ≤ 100, 1 ≤ l ≤ 100}, where{sk, 1 ≤ k ≤ 100} are equally spaced observation points in [0,2]

and{tl ,1 ≤ l ≤ 100} are equally spaced observation points in [0,1]. Then we calculateyi(tl) based on the

model (2.1). The final data is{xi(sk), yi(tl)|1 ≤ i ≤ 100, 1 ≤ k ≤ 100, 1 ≤ l ≤ 100}. Examples ofyi(t)

for different settings are provided in Figure A.4 in the supplementary material. For each method, we use

these 100 observations to choose tuning parameters and determine the final model. In order to measure the

predictive ability and the estimation errors of the final models by all the methods, we simulate another 500

independent observations{xtest
j (sk), ytest

j (tl)|1 ≤ j ≤ 500, 1 ≤ k ≤ 100, 1 ≤ l ≤ 100} as the test data set, and

apply the final model chosen by each method to the test data set to predict the response curvesŷpredict
j (t),

1 ≤ j ≤ 500. We calculate the mean squared prediction error for this replicate by

MS PE=
1

500

500∑

j=1




1
100

100∑

l=1

(
ŷpredict

j (tl) − ytest
j (tl)

)2

 , (4.3)

and calculate the mean squared estimation error (MSEE) betweenŷpredict
j (t) and the regression functions

β0(t) +
∫ 2
0
β(t, s)xtest

j (s)dswhich is equal toytest
j (t) − εtest

j (t), 1 ≤ j ≤ 500, by

MS EE=
1

500

500∑

j=1




1
100

100∑

l=1

(
ŷpredict

j (tl) − ytest
j (tl) + ε

test
j (tl)

)2

 . (4.4)

We report the averages and standard deviations of the MSPEs and MSEEs of 50 replicates in Table 1 for

all 8 settings. In all the settings, our method has the smallest prediction errors and the smallest estimation

errors, reflecting the advantage of our method in prediction and approximating the signal function and

hence the regression function. In this simulation study, the FPC based methods,pffr.pc, FPCR, PACE-reg,

appear to perform worse than other methods, which may be because the regression functions cannot be

well approximated by a small or moderate number of eigenfunctions. We plot examples of our estimates

ψ̂k(s)’s versus the sample FPC functionsψ̂X
k (s)’s of X(s) andφ̂k(t)’s versus the sample FPC functionsφ̂Y

k (t)’s

of Y(t), in various settings in Figures A.5 and A.6 in the supplementary material, respectively. In all the

settings,̂ψk(s)’s are completely different fromψ̂X
k (s)’s. Whenρ = 0 orσ2 = 0.1, φ̂(t)’s are the same or very

close to PC functions ofY(t), but whenρ = 0.7 andσ2 = 100, they are different, especially for the high

order components. The MSPEs and MSEEs of all methods become larger whenρ orσ2 increase. Smoother

functional predictors with the covariance functionΣ1 tend to improve the prediction and the estimation
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accuracy than those withΣ3.

To compare the number of components chosen by our method,pffr.pc, PACE-regandFPCR, we consider

the setting whereX(s) has the covariance functionsΣ1, σ2 = 100 andρ = 0.7. In this case, in most of

replicates, our method chooses 3 components,pffr.pc chooses 15 eigenfunctions,FPCRchooses 23 or 24

eigenfunctions andPACE-regchooses 12.11 and 8.75 eigenfunctions forX(s) andY(t) on average, with

standard deviation of 2.47 and 1.10, respectively. We observe similar patterns for other settings. Recall that

in our algorithm for choosing (λopt, τopt) andK̂opt in Section 3.3, the first step is to determine the maximum

number of components,̂Kmax,i , for the i-th paired-value of (λ, τ). For the selected value (λopt, τopt) in the

above setting, the average ofK̂max,i over 50 replicates is 8.8 with standard deviation of 1.4. These maximum

numbers are much larger than̂Kopt = 3, which indicates that the threshold 1% in (3.6) is small enough and

allows a big enough range from which to chooseK̂opt. We also examine the stability of the tuning parameter

selection in our method by drawing the histograms of the selected tuning parameters in 50 replicates in

Figure A.7 in the supplementary material. In each setting, the selected tuning parameters concentrate on

one or two values.

We provide the running time for all the methods in the setting thatX(s) has covariance functionsΣ1,

σ2 = 100 andρ = 0.7. The average (and standard deviation) running time in seconds of one replicate for all

the methods are: 7.3 (1.3) for our method, 111.0 (34.6) forlinmod, 492.0 (166.9) forpffr.pc, 2602.4 (649.9)

for pffr, 558.3 (187.2) forFPCR, and 554.4 (17.6) forPACE-reg. The running time for other settings is

similar.

4.1.2 Simulation 2

We consider two settings with functional predictors and coefficient functions similar to those in Ivanescu

et al. (2014). In Setting 1,

β(t, s) = cos(2πt) sin(πs), X(s) =
10∑

m=1

1
m2

[
ς1,m sin(mπs) + ς2,m cos(mπs)

]
,
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whereς j,m, 1 ≤ j ≤ 2 and 1≤ m≤ 10, are independent standard normal random variables. In Setting 2,

β(t, s) =
√

ts/1.2, X(s) =
40∑

m=1

2
√

2
πm

%m sin(mπs),

where%m, 1 ≤ m ≤ 40, are independent standard normal random variables. In both settings, the intercept

function is given byβ0(t) = 2e−(t−1)2. The noise processε(t) is generated in the same way as in Simulation 1.

We fixσ2 = 80 such that the signal-to-noise ratio is about one, and chooseρ = 0 or 0.7. We repeat the similar

procedure as Simulation 1 and report the averages and standard deviations of the MSPEs and MSEEs of 50

replicates in Table 2. The methodlinmod is not included because numerical problems frequently occurred

due to the singularity of some matrices. The MSPEs for all methods are high due to the large noise, but our

method has the smallest MSEE. The correlation among{ε(t) : 0 ≤ t ≤ 1} has a great impact on the prediction

and estimation accuracy. We list the averages and standard deviations of the numbers of components chosen

by our method,pffr.pc, FPCRandPACE-regin Table 3. In both settings, our method chooses only one

component in most of replicates and two components in the other replicates, much less than the FPC based

methods.

4.2 Multiple predictive curves

We consider two sets of simulation studies based on model (1.1). In the first set, the coefficient functions

are fixed. In the second one, we randomly generate coefficient functions, consider different number of pre-

dictors, and add multivariate scalar predictors. The functional predictors,x1(s), ∙ ∙ ∙ , xQ(s), are all Gaussian

processes with the same covariance functions. We model the correlation between the curvesx1(s), ∙ ∙ ∙ ,

xQ(s) in the following way. LetSbe theQ×Q matrix with the (i, j)-th entry equal toρcurve if i , j and equal

to 1 if i = j, where 0≤ ρcurve≤ 1 controls the correlation between the functional predictors. We decompose

S = ΔΔT, whereΔ is aQ× Q matrix. LetW1(s), ∙ ∙ ∙ , WQ(s) be i.i.d. Gaussian process with the covariance

functionsΣ1 orΣ3 as defined in (4.1), and take

(x1(s), x2(s), ∙ ∙ ∙ , xQ(s)) = (W1(s),W2(s), ∙ ∙ ∙ ,WQ(s))ΔT. (4.5)
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Then each ofx1(s), x2(s), ∙ ∙ ∙ , xQ(s) is a Gaussian process with the same covariance function asWi(s),

and given any 0≤ s ≤ 1, (x1(s), x2(s), ∙ ∙ ∙ , xQ(s)) is a Q-dimensional normally distributed random vector

with covariance matrixS. Whenρcurve = 0, x1(s), x2(s), ∙ ∙ ∙ , xQ(s) are independent Gaussian processes;

whenρcurve is large, strong correlation exists amongx1(s), x2(s), ∙ ∙ ∙ , xQ(s). In Figure A.8 in the supple-

mentary material, we plot one sample from (x1(s), x2(s), ∙ ∙ ∙ , xQ(s)) for ρcurve = 0 and 0.7, respectively,

with Q = 4 and the covariance functionΣ1. Whenρcurve = 0.7, strong positive correlation exists among

x1(s), x2(s), ∙ ∙ ∙ , xQ(s) and the sample curves show similar trends.

4.2.1 Simulation 3

We takeQ = 4, the intercept functionβ0(t) = 0 and the coefficient functions

β1(t, s) = [10(t − 0.5)(1− s)]2 , β2(t, s) = 20e−[5(t−0.5)2+3(s−1)2]

β3(t, s) = 15e−[5(t−0.5)2+5(s−0.5)2] + 20e−[5(t−0.5)2+5(s−1.5)2] , β4(t, s) = 10 sin (πt) sin (3πs/2),

which are plotted in Figure A.9 in the supplementary material. (x1(s), x2(s), ∙ ∙ ∙ , x4(s)) is generated by (4.5)

with ρcurve = 0 or 0.7. The noiseε(t) is generated in the same way as in Simulation 1. We fixρ = 0 and

consider three noise levelsσ2 = 0.1, 10,80. Whenσ2 = 80, the signal-to-noise ratio is about one. We

generateY(t) from model (1.1) and plot examples ofY(t) in Figure A.10 in the supplementary material.

The averages and standard deviations of the MSPEs, MSEEs, and the number of components chosen of

50 replicates for our method are listed in Table 4 for different settings. In this simulation, the correlations

between the multiple functional predictors do not have great effect on prediction. Although there are four

functional predictors, in all replicates of all the settings, our method chooses 2 or 3 components. Examples

of the estimateŝβ j(t, s), 1 ≤ j ≤ 4, are plotted in Figure A.11 in the supplementary material, and they have

the same pattern as the true coefficients in Figure A.9. Examples of the estimates ofψ̂kq(s) and φ̂k(t) are

plotted in Figures A.12 and A.13 in the supplementary material.
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4.2.2 Simulation 4

In this simulation, we consider both multiple functional predictors and multiple scalar predictors as in model

(2.14). We set the interceptβ0(t) = 0 and randomly generateβ1(t, s), ∙ ∙ ∙ , βQ(t, s) by

βq(t, s) =
1
q2

[
ζ1q(t)ξ1q(s) + ζ2q(t)ξ2q(s) + ζ3q(t)ξ3q(s)

]
,

whereζ jq(t) and ξ jq(s), 1 ≤ j ≤ 3 and 1≤ q ≤ Q, are independent random samples generated from

the Gaussian process with covariance functionΣ2(t, t′) andΣ2(s, s′) respectively, whereΣ2 is defined in

(4.1). We will consider different number of functional predictors,Q = 1,3, 6, 10,20, 30, respectively. The

multiple functional predictors (x1(s), x2(s), ∙ ∙ ∙ , xQ(s)) are generated by (4.5) with the covariance function

Σ3 andρcurve = 0 or 0.7. The noiseε(t) is generated in the same way as in Simulation 1 withσ2 = 0.1

andρ = 0. The scalar predictors (U1,U2, ∙ ∙ ∙ ,U5), are generated from a multivariate normal distribution

with mean vector zero, and covariance matrix with diagonal elements equal to one and off-diagonal elements

equal to 0.5. The coefficient functionsαi(t) of Ui , 1 ≤ i ≤ 5, in the model (2.14) are independently generated

from the Gaussian process with covariance functionΣ1(t, t′). We will consider all combinations of seven

values forQ, two values forρcurve = 0,0.7 and the two cases with or without scalar predictors. We list

the averages and standard deviations of the MSPEs, the MSEEs, the number of the selected components,

and the running time over 50 replicates for all the settings in Table 5. Basically, the MSPEs, MSEEs and

running time increase with the increase of the number of functional predictors. Additional scalar predictors

also diminish the prediction ability, whereas the correlations between the multiple functional predictors help

improving the prediction, especially for a largeQ. Actually, in the extreme case ofρcurve = 1, all the

functional predictors are the same, the model can be simplified to a model with one functional predictor.

Given the sameQ, more components are chosen when scalar predictors are added to account for additional

signals.
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5 Application to DTI tractography

We consider a brain tractography study of multiple sclerosis patients. White matter tracts consist of axons

that connect nerve cells and transmit information via electrical nerve impulses. Axons are surrounded by a

white fatty insulation called myelin, which increases the speed of transmission of nerve signals. Changes

in water diffusion in the brain could potentially be associated with demyelination. Diffusion tensor imaging

(DTI) tractography is a magnetic resonance imaging (MRI) technique that studies white-matter tracts by

measuring the diffusivity of water in the brain: in white-matter tracts, water diffuses anisotropically in the

direction of the tract, while elsewhere water diffuses isotropically. One of the diffusion measures is fractional

anisotropy (FA) which takes values between zero and one. A value of zero means that diffusion is isotropic.

A value of one means that diffusion occurs only along the direction of the white-matter tracts and is fully

restricted along all other directions. Tievskyet al. (1999); Songet al. (2002); Ivanescuet al. (2014) have

used FA as a proxy variable for demyelination of the white matter tracts, and assume larger FA values are

closely associated with less demyelination and fewer lesions.

We use the DTI data in the R package “refund”, which consists of FA tract profiles for the corpus callo-

sum (CCA) and the right corticospinal tract (RCTS) for 142 individuals at one or multiple visits. Each profile

contains two curves: the FA values along the the CCA tract and the RCTS tract from one individual in a visit.

We call them CCA curve and RCTS curve, respectively. Using a similar dataset, Goldsmithet al. (2011)

predicted multiple sclerosis cases and controls based on functional predictors, and Ivanescuet al. (2014)

built function-on-function regression models to study the spatial associations between functional predictors

and responses. We consider a function-on-function regression model with CCA curve as the response and

RCTS curve as the predictor. Figure 2 displays the original and centered sample curves for RCTS and CCA.

After removing the first 12 observation points with a large number of missing values for RCST and then re-

moving 6 pairs of curves with missing values, we obtain 376 observations. There are 93 observation points

for CCA and 43 points for RCTS. We use the relative distances so that the observation points are between

0 and 1. To evaluate the predictive performance of all the methods on this data set, we randomly choose

200 observations as training data and the remaining as the test data. For each method, we fit the model

using the training set and calculate the MSPE based on the test set. We repeat the procedure 50 times. The
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averages and the standard deviations of MSPEs are:SigComp: 0.0032(0.00016);linmod: 0.0037(0.00022);

pffr.pc: 0.0032(0.00015);pffr: 0.0032(0.00016),FPCR: 0.0032(0.00015);PACE-reg: 0.0032(0.00016); and

the averages and the standard deviations of the numbers of components chosen are:SigComp: 3.60(1.85);

pffr.pc: 15(0);FPCR: 18.1(1.59)PACE-reg: 15.6(1.62) (the PC for RCTS) and 4.0(0.0) (the PC for CCA).

The MSPEs are the same for all the methods exceptlinmod, and number of components chosen by our

method is much less than those byPACE-reg, pffr.pc andFPCR.

The most frequently chosen tuning parameters in the 50 replicates of our method areλ = 10−9, τ = 1,

η = 10−6 andK = 2. We fit the model using these tuning parameters and all the data to obtain the estimates

β̂(t, s), β̂0(t), ψ̂k(s) andφ̂k(t), 1 ≤ k ≤ 2, which are displayed in Figure A.14 in the supplementary material.

Theφ̂1(t) (σ̂2
1 = 0.613) is positive throughout the tract, and has two peaks around 0.17 and 0.91 (the relative

distances along the CCA tract), which implies that large variations in the signal part of the CCA curves exist

around these two locations. The bottom right plot in Figure 2 shows that around these two positions, the

CCA curves for the cases and controls are well separated. Therefore,φ̂1(t) captures the variations which

may be caused by the difference between the cases and controls. Theφ̂2(t) (σ̂2
2 = 0.052) captures smaller

but more complicated variations.

6 Discussion

In this paper, we propose a signal compression approach for the function-on-function regression model with

one or multiple functional predictors. Aiming to find the best finite dimensional approximation to the signal

partF(t) of the response function, by soving penalized generalized functional eigenvalue problems, we first

find functionsΨ̂k (1 ≤ k ≤ K) whose projections on the original predictors generate new uncorrelated

scalar variablesZk and these variables have the largest integrated squared correlation coefficient with the

signal function. With these new variables, we transform the original function-on-function regression model

to a function-on-scalar regression model whose predictors are uncorrelated, and estimate the model by

solving several penalized least squares sub-problems whose solutions have explicit form. As we obtain

the expansions of the bivariate coefficient functions by finding the functionŝΨk first and then̂φk, and the

number of componentsK is usually small, we greatly reduce the number of parameters for prediction using
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model (1.1), compared to the double basis expansion as in Ramsay and Dalzell (1991) and Ramsay and

Silverman (2005). Our method is computational efficient and can be applied to a relatively large number

of predictor functions. This method is also extended to functional regression models with a functional

response and multiple functional and scalar predictors. We provide the asymptotic convergence rates for

the signal functions and the prediction errors. Simulation studies in various settings and for both one and

multiple prediction curves demonstrate that our approach has good predictive performance and is efficient

in dimension reduction.

In this paper, we only consider the regularly observed curves in details. But it is worthwhile to point

that for densely but irregularly observed curves, using basis expansions to approximate sample curves and

calculating the integrals using the matrix of integrals of basis functions, we can also obtain the optimization

problem of the form as in (3.1) and then find estimatesψ̂k(s), ẑk, β̂0(t), φ̂k(t) and β̂(t, s) using the same

method as in this paper.
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Table 1: The averages (and standard deviations) of MSPEs and MSEEs of 50 replicates for Simu-
lation1.

σ2 ρ X(s) SigComp linmod pffr.pc pffr FPCR PACE-reg

Prediction Error(MSPE)

0.1
0

Σ1 0.109(0.003) 0.295(0.148) 1.493(1.000) 0.125(0.004) 0.751(0.284) 4.595(4.059)
Σ3 0.111(0.003) 0.324(0.219) 1.475(1.066) 0.190(0.034) 0.967(0.554) 6.221(5.961)

0.7
Σ1 0.121(0.004) 0.312(0.099) 1.424(0.838) 0.162(0.007) 0.839(0.388) 4.608(4.072)
Σ3 0.127(0.006) 0.333(0.129) 1.541(1.293) 0.231(0.030) 0.955(0.336) 6.227(5.965)

100
0

Σ1 102.13(0.65) 104.28(0.70) 104.44(1.34) 103.40(0.67) 104.04(1.28) 104.54(2.17)
Σ3 102.14(0.65) 104.04(0.70) 103.82(0.86) 103.22(0.68) 103.65(0.88) 106.45(5.69)

0.7
Σ1 109.45(2.57) 113.68(2.90) 116.79(3.21) 128.23(3.98) 115.15(3.25) 113.19(2.65)
Σ3 108.99(2.87) 113.25(2.53) 116.08(3.07) 136.24(4.40) 114.60(2.84) 112.89(2.68)

Estimation Error(MSEE)

0.1
0

Σ1 0.009(0.002) 0.195(0.148) 1.393(1.000) 0.025(0.004) 0.651(0.284) 4.496(4.061)
Σ3 0.011(0.003) 0.224(0.219) 1.375(1.067) 0.090(0.034) 0.867(0.553) 6.122(5.962)

0.7
Σ1 0.021(0.003) 0.212(0.099) 1.323(0.835) 0.063(0.007) 0.740(0.389) 4.505(4.063)
Σ3 0.027(0.006) 0.233(0.131) 1.443(1.294) 0.131(0.031) 0.856(0.338) 6.128(5.964)

100
0

Σ1 1.995(0.287) 4.152(0.463) 4.363(1.384) 3.287(0.450) 3.949(0.894) 4.549(2.104)
Σ3 2.064(0.361) 4.049(0.411) 3.804(0.608) 3.222(0.355) 3.779(0.525) 6.437(5.698)

0.7
Σ1 9.066(1.840)13.571(2.076)16.567(2.544)27.934(3.444)14.944(2.411)13.355(2.469)
Σ3 9.076(1.802)13.673(2.154)16.603(2.386)36.873(3.839)15.128(2.341)13.069(2.294)
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Table 2: The averages (and standard deviations) of MSPEs and MSEEs of 50 replicates for Simu-
lation2.

X(s), β(s, t) ρ SigComp pffr.pc pffr FPCR PACE-reg

Prediction Error(MSPE)

Setting1
0 80.2(0.533) 80.7(0.418) 80.7(0.417) 80.4(0.434) 80.6(0.533)

0.7 82.0(1.339) 85.0(1.951) 88.7(2.492) 82.6(1.689) 82.5(2.382)

Setting2
0 80.3(0.545) 80.3(0.506) 80.1(0.500) 80.3(0.506) 80.5(0.450)

0.7 81.2(1.637) 85.3(1.769) 93.3(2.835) 82.1(1.515) 82.5(2.191)
Estimation Error(MSEE)

Setting1
0 0.241(0.089)0.684(0.125) 0.713(0.125) 0.356(0.087)0.603(0.205)

0.7 2.081(0.608)5.118(1.254) 8.818(1.987) 2.715(0.676)2.727(1.015)

Setting2
0 0.201(0.080)0.350(0.057) 0.210(0.061) 0.369(0.079)0.327(0.096)

0.7 1.447(1.205)5.706(1.292)13.679(2.311)2.489(0.781)4.386(1.294)

Table 3: The averages and standard deviations (in parenthesis) of the numbers of components of
50 replicates for Simulation2.

X(s), β(s, t) ρ SigComp pffr.pc FPCR
PACE-reg

PC ofX(s) PC ofY(t)

Setting1
0 1.40(0.99) 8.55(1.10) 5.71(0.46) 5.88(1.26) 1.00(0.00)

0.7 1.28(0.78) 8.70(1.46) 5.70(0.46) 4.52(1.80) 1.00(0.00)

Setting2
0 1.30(0.65) 15.00(0.00)11.85(0.46) 7.52(1.90) 1.00(0.00)

0.7 1.20(0.49) 15.00(0.00)11.89(0.43) 2.86(0.95) 3.16(0.37)

Table 4: The averages (and standard deviations) of the MSPEs, MSEEs, and the number of com-
ponents chosen̂Kopt of 50 replicates for our method in Simulation3.

σ2 ρcurve= 0 ρcurve= 0.7
Σ1 Σ3 Σ1 Σ3

MSPE
0.1 0.103(0.001) 0.103(0.001) 0.104(0.001) 0.104(0.001)
10 10.147(0.062)10.142(0.068)10.149(0.067)10.158(0.072)
80 80.989(0.582)80.692(0.614)80.779(0.543)80.768(0.446)

MSEE
0.1 0.003(0.000) 0.003(0.001) 0.004(0.001) 0.004(0.001)
10 0.133(0.024) 0.137(0.029) 0.140(0.024) 0.141(0.032)
80 0.807(0.130) 0.771(0.138) 0.790(0.177) 0.768(0.097)

K̂opt

0.1 3.00(0.000) 3.00(0.000) 3.00(0.000) 3.00(0.000)
10 2.00(0.000) 2.04(0.198) 2.02(0.141) 2.00(0.000)
80 2.280(0.573) 2.26(0.487) 2.22(0.507) 2.30(0.789)
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Table 5: The averages (and standard deviations) of the MSPEs, the MSEEs, the numbers of selected
componentŝKopt, and the running time over 50 replicates for our method in Simulation4.

Q ρcurve
Without scalarpredictors With scalarpredictors

MSPE MSEE K̂opt time MSPE MSEE K̂opt time
1 0 0.102(0.001)0.002(0.000)3.0(0.0) 3.5(0.2) 0.124(0.017)0.024(0.017)6.9(0.7) 4.7(0.3)

3
0 0.116(0.002)0.016(0.002)5.1(0.7) 12.5(1.5) 0.153(0.025)0.053(0.025)6.7(0.7) 15.2(0.9)

0.7 0.113(0.002)0.013(0.002)5.1(0.8) 13.4(3.0) 0.152(0.030)0.052(0.030)6.7(0.8) 15.7(0.9)

6
0 0.158(0.017)0.058(0.017)5.0(0.8) 47.0(8.7) 0.206(0.042)0.106(0.042)6.7(0.6) 57.7(4.1)

0.7 0.140(0.011)0.040(0.011)4.9(0.7) 46.1(5.4) 0.172(0.030)0.072(0.030)7.0(0.7) 58.7(4.6)

10
0 0.309(0.094)0.209(0.094)5.0(0.9) 137(30) 0.367(0.110)0.268(0.110)6.7(0.7) 157(13)

0.7 0.209(0.037)0.109(0.037)4.7(0.7) 125(31) 0.265(0.054)0.165(0.054)6.6(0.6) 154(12)

20
0 0.632(0.249)0.532(0.249)5.3(1.6) 678(67) 0.688(0.277)0.588(0.277)6.8(0.7) 673(34)

0.7 0.284(0.072)0.184(0.072)5.2(1.3) 582(50) 0.324(0.082)0.223(0.081)6.7(0.7) 673(42)

30
0 0.740(0.255)0.641(0.255)4.4(1.7) 1701(220) 0.790(0.263)0.690(0.263)6.9(0.7) 1697(141)

0.7 0.300(0.081)0.200(0.082)5.8(1.0) 1739(133) 0.352(0.107)0.252(0.108)6.7(0.7) 1847(88)
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Figure 1: Difference in the three expansions. Top left: the relative approximation errors of three
expansions for ten differentβ(t, s); Top right: the average errors over 100 differentβ(t, s); Bottom
left: ψ1(s) andψX

1 (s) for three differentβ(t, s); Bottom right: three pairs ofφ1(t) andφY
1(t) for three

differentβ(t, s).
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Figure 2: The original and centered RCST and CCA curves, the red curves for the controls and the
blue curves for the cases.
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