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Motivation

Approximate Bayessian inference in latent Gaussian
models
Compute accurate approximations to the posterior
marginals using integrated nested Laplace approximation
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Some abbreviations

GMRFs: Gaussian Markov random fields
INLA: The integrated nested Laplace approximation
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Gaussian Markov random fields (GMRFs)

Why GMRF?
Gaussians (and most often in the form of a GMRF) are
extensively used in statistical models.
However, its excellent computational properties are not
often explored.
We can do sparse matrix computations and Gaussian
approximations.
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Gaussian Markov random fields (GMRFs)

What is a GMRF?
A normal distributed random variable

x = (x1, ..., xn)

Markov properties:

xi ⊥ xj | x−ij, for some i 6= js

xi and xj are conditional independent
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Gaussian Markov random fields (GMRFs)

An simple example:
The AR(1) model:

xt = φxt−1 + εt

iid εt ∼ N
(
0, σ2

)
{xt} is a Gaussian process, xt−1 = φxt−2 + εt−1 and
xt+1 = φxt + εt+1
xt−1|xt−2, ... ⊥ xt+1|xt, xt−2, ...
xt−1|xt−2, ... ∼ N

(
φxt−1, σ

2
)

and xt+1|xt, xt−2... ∼ N
(
φxt, σ

2
)
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Gaussian Markov random fields (GMRFs)

x is a GMRF, the mean of x is µ, the density of x is

π (x) = (2π)−n/2 |Q|1/2
{
−1

2 (x− µ)T Q (x− µ)
}

Q is the precision matrix (inverse covariance matrix)
In terms of the parametrisation of the GMRF, precision
matrix is easy
Theorem: xi ⊥ xj | x−ij ⇔ Qij=0
Q is sparse
Q = LLT , L is sparse
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Gaussian Markov random fields (GMRFs)

Cholesky factorisation:
If Q > 0 is a positive definite matrix, then there exists a
unique Cholesky triangle L, such that L is a lower triangular
matrix, and

Q = LLT

Specifically,

L =


L11

L21 L22 0
...

. . .
Ln1 Ln2 · · · Lnn

 (1)

Tianyu Guan 8 / 45



Gaussian Markov random fields (GMRFs)

Solve Qx = b
Step 1: Compute the Cholesky factorisation, Q = LLT

Step 2: Solve Lv = b
Step 3: Solve LTx = v
Step 4: Obtain x

If Q = LLT , and z ∼ N(0, I), then the solution of Lx = z has
the covariance Q−1

Sample x ∼ N (µ, I):
Step 1: Compute the Cholesky factorisation, Q = LLT

Step 2: Sample z ∼ N(0, I)
Step 3: Solve Lv = z
Step 4: Compute x = µ + v
Step 5: Obtain x
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Gaussian Markov random fields (GMRFs)

Sample from x |Ax = e:
A is a k × n matrix of rank k

e is a verctor of length k

E (x |Ax = e) = µ− AQ−1
(

AQ−1AT
)−1

(Aµ− e)

Cov (x |Ax = e) = Q−1 −Q−1AT
(

AQ−1AT
)−1

AQ−1

Now supplose x is a sample from the unconstrained
GMRF, then xc is a sample from the constrained GMRF:

xc = x−Q−1AT
(

AQ−1AT
)−1

(Aµ− e)
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INLA

Latent Gaussian models
x: all the n Gaussian variables
π (x|θ) Gaussian with mean 0 and precision matrix Q (θ1)

y = {yi : i ∈ I} are conditional independent given x and θ2

The posterior is

π (x,θ|y) ∝ π (θ)π (x|θ)
∏
i∈I

π (yi|xi,θ)

∝ π (θ) |Q (θ) |1/2exp

(
−1

2
xTQ (θ) x +

∑
i∈I

log {π (yi|xi,θ)}

)

The main aim: to approximate the posterior marginals π (xi|y),
π (θ|y) and π (θj|y).
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INLA

The posterior marginal of interest

π (xi|y) =

∫
π (xi|θ,y)π (θ|y) dθ

π (θj|y) =

∫
π (θ|y) dθ−j

The form to construct nested approximations:

π̃ (xi|y) =

∫
π̃ (xi|θ,y) π̃ (θ|y) dθ

π̃ (θj|y) =

∫
π̃ (θ|y) dθ−j
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INLA

The approach is based on the following approximation

π̃ (θ|y) ∝ π (x,θ,y)

π̃G (x|θ,y)

∣∣∣∣∣
x=x∗(θ)

π̃G (x|θ,y) is the Gaussian approximation
x∗ (θ) is the mode of the full conditional for x given θ
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INLA

From π̃G (x|θ,y), we approximate

π̃ (xi|θ,y) = N
{

xi;µi (θ) , σ2
i (θ)

}
µ (θ) is the mean of the Gaussian approximation
σ2 (θ) is the marginal variances

The marginal of interest for the latent field is

π̃ (xi|y) =
∑

k

π̃ (xi|θk,y) π̃ (θk|y)4k (2)
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INLA

Exploring π̃ (θ|y)

Step 1: locate the mode of π̃ (θ|y) by optimizing
log {π̃ (θ|y)} with respect to θ. Let θ∗ be the modal
configuration.
Step 2: at θ∗ compute Hessian matrix H. Under Gaussian
density, Σ = H−1 is the covariance matrix for θ. Use
standardized variables z instead of θ. Let Σ = VΛVT be the
eigendecomposition of Σ. θ (z) = θ∗ + VΛ1/2z.
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INLA

Step 3: explore logπ̃ (θ|y) by using the
z-parameterization.Start from the mode z = 0 and go in the
positive direction of z1 with step length δz, as long as

log {π (θ (0) |y)} − log {π (θ (z) |y)} < δπ
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INLA

Step 4: Approximate π (θj|y) by using numerical integration.
We are done with π̃ (θj|y), now move to π̃ (xi|y)

π̃ (xi|y) =

∫
π̃ (xi|θ,y) π̃ (θ|y) dθ

π̃ (θj|y) =

∫
π̃ (θ|y) dθ−j
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INLA

Laplace Approximation
f (x) is some density function, x∗ is the mode
Taylor expansion of f (x) around x∗

f (x) = f (x∗) + f ′ (x∗) (x− x∗) +
1
2

f ′′ (x∗) (x− x∗)2 + O
(

(x− x∗)3
)

f (x) ≈ f (x∗)− 1
2
|f ′′ (x∗) | (x− x∗)2

for x close to x∗, the following is accurate∫
eMf (x) ≈ eMf (x0)

∫
e−M|f ′′(x∗)|(x−x∗)2

Tianyu Guan 18 / 45



INLA - Gaussian approximations

For densities of the form

π(x) ∝ exp

{
−1

2
xTQx +

∑
i∈I

gi(xi)

}

gi(xi) is log {π (yi|xi,θ)}
π̃G(x) is obtained by matching the modal configuration and
the curvature at the mode
mode is computed by the Newton-Raphson method
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INLA - Gaussian approximations

For densities of the form

π(x) ∝ exp

{
−1

2
xTQx +

∑
i∈I

gi(xi)

}

µ(0): the initial guess

gi(xi) ≈ gi(µ
(0)
i ) + bixi − 1

2 cix2
i

A Gaussian approximation is obtained with precision matrix
Q + diag(c)
Mode given by the solution of {Q + diag(c)}µ(1) = b
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INLA - Gaussian approximations

For densities of the form

π(x) ∝ exp

{
−1

2
xTQx +

∑
i∈I

gi(xi)

}

Repeat the process until convergence to a Gaussian with
mean x∗ and precision matrix Q + diag(c∗)
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INLA

Approximating π (xi|θ,y)

Gaussian approximation π̃G (xi|θ,y)

Laplace approximation π̃LA (xi|θ,y)

Simplified Laplace approximation π̃SLA (xi|θ,y)
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INLA

Gaussian approximation π̃G (xi|θ,y)

often gives reasonable results
but there can be errors in the location and/or errors due to
the lack of skewness
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INLA

Laplace approximation

π̃LA (xi|θ,y) ∝ π(x,θ,y)

π̃GG (x−i|xi,θ,y)

∣∣∣∣∣
x−i=x∗−i(xi,θ)

(3)

π̃GG is the Gaussian approximation to x−i|xi,θ,y
x∗−i (xi,θ) is the modal configuration
π̃GG is computationally expensive, so we propose two
modifications to expression (3)
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INLA

Laplace approximation

π̃LA (xi|θ,y) ∝ π(x,θ,y)

π̃GG (x−i|θ,y)

∣∣∣∣∣
x−i=x∗−i(xi,θ)

The first modification is
x∗−i (xi,θ) ≈ Eπ̃G(x−i|xi)

Avoid the optimization of π̃GG

Computational benefit is achieved
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INLA

Laplace approximation

π̃LA (xi|θ,y) ∝ π(x,θ,y)

π̃GG (x−i|θ,y)

∣∣∣∣∣
x−i=x∗−i(xi,θ)

The second modification is
Only those xj that are ’close’ to xi should have an effect on
the marginal of xi

x∗−i (xi,θ) ≈ Eπ̃G(x−i|xi) implies

Eπ̃G(xj|xi)− µj(θ)

σj(θ)
= aij(θ)

xi − µi(θ)

σi(θ)

for some aij(θ) when j 6= i
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INLA

Laplace approximation

π̃LA (xi|θ,y) ∝ π(x,θ,y)

π̃GG (x−i|θ,y)

∣∣∣∣∣
x−i=x∗−i(xi,θ)

Region of interest ’around’ i, Ri(θ) is

Ri(θ) = {j : |aij(θ) > 0.001|}

The use of Ri(θ) save computational workload for
calculating the denominator of (3)

Tianyu Guan 27 / 45



INLA

We use the following to represent π̃LA

π̃LA (xi|θ,y) ∝ N
{

xi, µi(θ), σ2
i (θ)

}
exp{cubicspline(xi)}

Cubic spline fitted to the difference of the log-density of
π̃LA (xi|θ,y) and π̃G (xi|θ,y)

Cubic spline fitted at selected abscissa points
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INLA

Simplified Laplace approximation π̃SLA (xi|θ,y)

Expand Laplace approximation up to third order
The first and second order terms give the Gaussian
approximation
The third-order term provides a correction for skewness
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INLA
Simplified Laplace approximation π̃SLA (xi|θ,y)

Expand the numerator

Expand the denominator

x(s)i = xi−µi(θ)
σi(θ)
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INLA

Simplified Laplace approximation π̃SLA (xi|θ,y) Define
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Approximation error

Approximatio error of π̃(θ|(y))
The accurary of π̃(θ|(y)) seems to be directly related to the
’actual’ dimension of x
The author recommend to evaluate, conditionally on θ, the
effective number of parameters PD(θ)

For our setting, where x given θ and y is Gaussian,

PD(θ) ≈ n− tr
{

Q(θ)Q∗(θ)−1}
the trace of the prior precision matrix times by the posterior
convariance matrix of the Gaussian approximation
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Approximation error

To access with certainty the approximation error
Run MCMC for an infinite time
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Approximation error

Strategy I:
Verify the overall approximation π̃G(x|θ,y) for each θk that
is used in the integration:
calculate PD(θ) or
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Approximation error

Strategie II:
Comparing elements of a sequence of increasingly
accurate approximations: Gaussian→ simplified Laplace
approximation→ Laplace approximation.
Compute symmetric Kullback-Leibler divergence (SKLD):

If the divergence is small, accept both approximation.
Otherwise compute the following using LA and compute the
divergence with that based on SLA. If divergence small,
both acceptable, otherwise LA is the best estimate.
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Examples

Example 1: Simulated examples
AR(1) latent field with unknown mean
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Examples

Example 1: Simulated examples

The true latent Gaussian field (solid line), the observed
Student-t3 data and Bernoulli data (dots).
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Examples

Example 1: Simulated examples

The approximate marginal for a selected node using various
approximations. Gaussian (dotted), simplified Laplace (dashed)
and Laplace (solid).
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Examples
Example 1: Simulated examples

The two plots compare samples from a long MCMC chain with
the marginal computed with the simplified Laplace
approximation.
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Examples

Example 4: Disease mapping of cancer incidence data
Data: binary incidence cases of cervical cancer from the
former East German Republic from 1979 (Knorr-Held et al.,
2002).
The data are stratified by district and age group
The cases are classified into premalignant or malignant
di denotes the district group
ai denotes the age group
216 districts and 15 age groups (15-19, 20-24,..., >84
years)
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Examples

Example 4: Disease mapping of cancer incidence data
Logistic binary regression model:

f(a) is a smooth effect of the age group
f(s) is a smooth spatial field
f(u) are district random effects
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Examples

Example 4: Disease mapping of cancer incidence data
f(a) follows an intrinsic second-order random-walk model
with precision κ(a)

The model for the spatial term f(s)
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Examples

(a) The posterior marginal for f (a)3 using simplified LA (solid
line), Gaussians approximations (dashed line) and samples
from a long MCMC run (histogram).
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Examples

(b)displays the posterior median, 0.025 and 0.975 quantiles of
the age-class effect (interpolated), whereas the dots are those
obtained from a long MCMC run.
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Examples

(c) displays the posterior median of the (smooth) spatial effect.
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