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Problem

A general ODE model:

φ̇(t) = f (t, φ(t), θ), (1)

where

I t ∈ [0, 1], φ : [0, 1]→ Rd ;

I parameter θ ∈ Θ ⊂ Rp;

I the vector field f : [0, 1]×X ×Θ→ Rd .

Our goal is to estimate (infer) unknown parameters θ from noisy
observations y1, . . . , yn made at times t1 < · · · < tn.



Some traditional methods

Assume that when a initial value φ(0) = φ0 is given, there exists a
unique solution to (1).

I NLSE estimate: minimizing

QLS
n (θ) =

n∑
i=1

|yi − φ(ti , φ0, θ)|2,

I Two-step method

I parameter cascading

The last two methods estimate the solution φ nonparametrically:
φ̂ =

∑L
k=1 ĉkBk , where {B1, . . . ,BK} are basis functions.



Motivation of a new estimator

This new estimator is essentially an improvement and a
generalization of the previous two-step estimators. It uses also a
nonparametric proxy φ̂, but modify the criterion (2.4 on page 5)
used to identify the ODE parameter.
Motivations:

I a closed-form expression for the asymptotic variance;

I to reduce sensitivity to the estimation of the derivative in
Gradient Matching approaches;

I to allow for potential discontinuities in time in the vector field.



Two examples

Example 1: Ricatti ODE: f (t, x) = ax2 + c
√
t. The objective is to

estimate parameters a, c from the noisy observations
yi = φ(ti ) + εi for ti ∈ [0, 14]. See solution and observations in
Figure 1 on next page.

I Difficulty: the extreme sensitivity of the squared term in the
vector field: for small differences in the parameters or initial
condition, the solution can explode (no global solution).

I NLS or Gradient Matching can do well for parameter
estimation, but some additional difficulties do appear when
the c(·) has abrupt changes.

Example 2: A DDE Ṅ = PN(t − τ) exp(−N(t − τ)/N0)− δN(t),
where parameters of interest are P,N0, δ. Classical NLS are
difficult to use in this setting as the initial condition, which is a
function defined on [−τ, 0] , is unknown.



Figure 1



Gradient matching

I Take d = 2 in (1). Then f = (f1, f2).

I Suppose that the regression function φ? (also a solution to
(1)) belongs to the Sobolev space
H1 = {u ∈ L2([0, 1])|u̇ ∈ L2([0, 1])}.

I Let C 1
C (]0, 1[) denote the class of functions in C 1 with

support included in ]0, 1[.

I A weak solution g to (1) is a function in H1 such that
∀ϕ ∈ C 1

C (]0, 1[),∫ 1

0
f (t, g(t), θ)ϕ(t)dt +

∫ 1

0
g(t)ϕ̇(t)dt = 0. (2)



Definition of a new gradient matching estimator

The use of a nonparametric proxy (instead of a solution to be
computed) φ̂ = (φ̂1, φ̂2) gives the opportunity to consider
parameter estimation in f1 and in f2 separately. Now write
f = f1, θ = θ1.
Based on (2), a reasonable estimator θ̂ should satisfy

∀ϕ ∈ C 1
C (]0, 1[),

∫ 1

0
f (t, φ̂(t), θ̂)ϕ(t)dt +

∫ 1

0
φ̂1(t)ϕ̇(t)dt = 0.

(3)
Since C 1

C (]0, 1[) is not tractable, we use
H1

0 = {h ∈ H1|h(0) = h(1) = 0} instead, which can also be
characterized as

H1
0 = {

∞∑
l=1

al
√

2 sin(lπt)|
∞∑
l=1

l2a2
l <∞}.



Definition (Cont.)

I Using test functions ϕl =
√

2 sin(lπt),∀l ≥ 1,

Cl(θ) :

∫ 1

0
f (t, φ̂(t), θ̂)ϕl(t)dt +

∫ 1

0
φ̂1(t)ϕ̇l(t)dt = 0.

I Consider a family of orthonormal functions ϕl ∈ H1
0 with

l ≥ 1, and introduce space F = span{ϕl , l ≥ 1}. F is not
necessarily equal to H1

0 . In practice, we will only use a finite
set of orthogonal constraints defined by L test functions.

I Now we discuss how to estimate θ. Define
el(g , θ) = 〈f (t, g(t), θ)− ġ , ϕl〉 = 〈f (t, g(t), θ), ϕl〉+ 〈g , ϕ̇l〉.
Let the vector in RL

eL(g , θ) = (el(g , θ))l=1,...,L. The
estimator is defined as

θ̂n,L = arg min
θ∈Θ
|eL(φ̂, θ)|2.



Boundary conditions and construction of orthogonal
conditions

I the use of the boundary vanishing function ϕ implies an
information loss close to the boundaries, which can be sensible
in estimation.

I When boundary conditions are known, this loss can (and
should) be avoided to ameliorate estimation quality.

I An example on how to use φ0 when it is known. Since∫ 1

0
(f (t, φ, θ)ϕ(t)− ϕ̇φ(t))dt

=

∫ 1

0
f (t, φ, θ)ϕ(t)dt − [φ(1)ϕ(1)− φ(0)ϕ(0)]

+

∫ 1

0
ϕ(t)φ̇dt

we can take ϕ such that ϕ(1) = 0 while ϕ(0) 6= 0 when φ(1)
is unknown by φ(0) is known.



α-pinene

I ODE model: ẋ = Ax (See 5.1 on page 181), where A is a
constant matrix independent of time;

I varying sample sizes n and varying noise levels σ are
considered;

I NLS are asymptotically efficient, which is treated as gold
standard in terms of MSE and accuracy of estimator of θ.

I The Gradient Matching estimators (TS and OC) use the same
regression spline, decomposed on a B-spline basis with a
uniform knots sequence;

I Choosing L in OC estimator:

θ̂OC = arg min
Lmin≤L≤Lmax

n∑
i=1

|yi − φ(t, φ̂0, θ̂n,L)|2.

I 500 independent draws for comparing the estimators: MSE
and accuracy of θ̂.



known initial condition

(i) we constrain the spline estimator φ̂ to satisfy the condition
φ(0) = φ0; (ii) integrate the knowledge of the initial condition by
adding a test function ϕ0 which is a B-spline with ϕ0(0) 6= 0; refer
to Table 1.



unknown initial condition

consider another OC estimator that uses information about the
other boundary T = 100: φ̇?(100) = 0. Refer to Table 2.



Influenza Virus Growth and Migration Model

I The ODE system is used to describe growth and migration of
influenza virus-specific effector CD8+ T cells, among lymph
node, spleen, and lung of mice; (6.1 on page 182)

I The available data are the variables X1,X2 and X3 for six
different subjects and are measured at times
T = [0, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 24];

I assume that they share the same true parameter θ? and the
same initial conditions, Dm is estimated via cubic B-splines.

I X̂ is estimated nonprametrically, different L (3 or 4) are
adopted as well,

I estimation quality is assessed by the SSE.



comparison

Table 5 on page 183.
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