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Modeling Space and Space-Time Directional Data
Using Projected Gaussian Processes

Fangpo WANG and Alan E. GELFAND

Directional data naturally arise in many scientific fields, such as oceanography (wave direction), meteorology (wind direction), and biology
(animal movement direction). Our contribution is to develop a fully model-based approach to capture structured spatial dependence for
modeling directional data at different spatial locations. We build a projected Gaussian spatial process, induced from an inline bivariate
Gaussian spatial process. We discuss the properties of the projected Gaussian process and show how to fit this process as a model for
data, using suitable latent variables, with Markov chain Monte Carlo methods. We also show how to implement spatial interpolation and
conduct model comparison in this setting. Simulated examples are provided as proof of concept. A data application arises for modeling
wave direction data in the Adriatic sea, off the coast of Italy. In fact, this directional data is available across time, requiring a spatio-temporal
model for its analysis. We discuss and illustrate this extension.

KEY WORDS: Bayesian kriging; Bivariate Gaussian spatial processes; Hierarchical model; Latent variables; Markov chain Monte Carlo;
Separable cross-covariance function.

1. INTRODUCTION

In many scientific fields, data are recorded as angles or di-
rections relative to a system with a fixed orientation. Examples
of angular data include wind directions (meteorology), animal
movement directions (biology) and rock fracture orientations
(geology). Another type of directional data arises by wrapping
periodic time data with period L, for example, day and time of
a crime during a week, onto a circle with circumference L and
then rescaling to the circumference of a unit circle. As with data
on the real line, directional data can also arise in the space and
space-time setting. Process modeling for such data is the goal
of this article.

We are motivated by a marine application, where the obser-
vations are wave angles at a fixed set of spatial locations over
time. Figure 1 displays such data in a region of Adriatic sea at
a particular time point during a calm period (here, and below,
the tails of the arrows indicate the spatial locations). There is
clear visual evidence of spatial dependence for this set of direc-
tional data. Furthermore, such data are obtained every 2 hr and
we anticipate temporal dependence. Below we will consider a
two-day window during each of two sea motion states, calm
and storm. Hence, for each state, we will have 24 figures like
Figure 1. Primary interest here lies in spatial interpolation at a
given time and in one-step ahead forecasting in time.

The contribution of this article is to offer a fully model-based
approach to capture structured spatial dependence for direc-
tional data. We extend work presented in Wang and Gelfand
(2013) to a stochastic process for variables on the circle over
a continuous spatial domain, the projected Gaussian process,

Fangpo Wang is Data Scientist, Adobe Systems, Inc., CA 95110 (E-mail:
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Color versions of one or more of the figures in the article can be found online
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which is induced from a linear bivariate spatial Gaussian pro-
cess. The projected Gaussian process has marginal distributions
that can be asymmetric, possibly bimodal. We investigate prop-
erties of this process including the nature of joint distributions
for pairs of directions at different locations. We also examine
induced structured spatial dependence between directions. Jona
Lasinio, Gelfand, and Jona Lasinio (2012) proposed the spatial
wrapped Gaussian process. Such modeling allows only symmet-
ric marginal distributions with interpolation limited to a point
estimate. Here, we obtain an entire predictive distribution. Ad-
ditionally, a bivariate spatio-temporal Gaussian process enables
extension to accommodate space-time directional data. Working
within a hierarchical Bayesian framework, we show that model
fitting is straightforward using suitable latent variable augmen-
tation in the context of Markov chain Monte Carlo (MCMC).
Note that we are not building a process on a sphere of dimension
corresponding to the number of sites. Rather, we are building
a model which envisions an angular variable on a unit circle at
each location and time.

For realizations of linear variables, stochastic processes are
widely used in spatial analysis of point-referenced data. Com-
mon applications include environmental monitoring (pollutants)
and meteorology (temperature and precipitation). They gener-
ally employ a univariate spatial process, {Y (s), s ∈ D}, where
D ∈ R2 and s varies continuously over D. Spatial prediction
(kriging) at unobserved locations, based upon a finite set of ob-
servations, is the usual objective. There is a substantial literature
on linear spatial processes; see the books of Banerjee, Carlin,
and Gelfand (2004) and Cressie and Wikle (2011) for recent
discussion of this topic.

Circular data have a long history by now, summarized, for
example, in the books by Fisher (1993), Mardia and Jupp
(2000) and Jammalamadaka and SenGupta (2001). There is
a smaller literature on circular processes. Wehrly and Johnson
(1980) built a circular Markov process based on the construc-
tion of a bivariate circular distribution with specified marginals.
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Figure 1. Outgoing wave directions at 06:00 on April 2, 2010, at
Adriatic sea.

Breckling (1989) proposed the von Mises process; the condi-
tionals given the angular variables at previous time points follow
a von Mises distribution. Breckling (1989) also introduced the
wrapped autoregressive process, which is obtained by wrap-
ping an ordinary time series onto the unit circle. Fisher and Lee
(1994) proposed the projection method and the link function ap-
proach, focusing on the latter. The link function approach maps
an autoregressive moving average process on the real line to the
interval (−π,π) by an appropriate link function. Kato (2010)
built a Markov process by using the Möbius transformation. All
of the above articles focus on building a continuous or discrete
Markov process on the circle in the time series setting.

Early work on spatial circular data analysis appears in Fisher
(1993, chap. 7.3), employing descriptive methods. Casson and
Coles (1998) provided spatial analysis of extreme wind direc-
tions at locations on the Gulf and Atlantic coasts of the United
States. Instead of constructing a stochastic process directly for
the angular variables, they built a hierarchical model. At the top
level, they adopted conditionally independent von Mises distri-
butions. Spatial dependence is introduced at the second level
by supplying spatial processes for both the mean parameter
and the concentration parameter of the von Mises distribution.
Therefore, the realized surface of directions is everywhere dis-
continuous, not an appropriate model for many applications,
including ours below.

Morphet (2009), in his thesis, focused on spatial circular data
by exploring various methods of visualization and developing
circular kriging through fitting cosine models with respect to a
newly defined cosineogram. He also introduced a method for
generating realizations from a circular random field through
inverse cdf transformation of realizations from a Gaussian ran-
dom field. Modlin, Fuentes, and Reich (2012) analyzed wind
field data, with both wind speed and direction. A circular condi-
tional autoregressive model is proposed for the direction, while
the wind speed is modeled as a regular CAR model conditional
on its corresponding direction.

Our motivating example is wave directions drawn from ma-
rine data. Wave directions are different from wind directions in
the sense that we only observe a direction. We do not see two
variables, the “N–S” and “E–W” components that are resolved
to an angle and a resultant. Using cos and sin, we can compute
components on the unit circle associated with the angle but we
still observe only one variable at a location. Monitored buoy
data, supplying wave direction measurements, would seem to
be attractive for analyzing wave directions. However, at present,
buoy networks are too sparse to be used as a data source for spa-
tial analysis. Therefore, we employ an alternative data source,
outputs from deterministic models, usually climatic forecasts
computed at several spatial and temporal resolutions. Determin-
istic models for the prediction of wave heights and directions are
increasingly accurate and these models may eventually be cali-
brated when there is more buoy data, a data fusion problem. To
address this fusion will require a general modeling framework
for spatial and spatio-temporal angular variables, our contri-
bution here. We analyze output from the ISPRA model (see
discussion below) during several periods in April 2010. These
data follow wave directions in the Adriatic sea off the Italian
coast from a calm period transitioning to a storm period. It en-
ables us to look at spatial analysis of wave directions statically at
a fixed time point and dynamically as a spatio-temporal process.

The format of the article is as follows. Section 2 introduces
the projected Gaussian spatial process and its properties. Section
3 shows how to implement model fitting, kriging, and model
comparison. Section 4 provides simulation examples as a proof
of concept and a real data example for static wave directions.
Section 5 extends our model to a spatio-temporal setting with
an example. Section 6 offers a summary and future directions.

2. PROJECTED GAUSSIAN SPATIAL PROCESSES

In Section 2.1, we review the projected normal distribution.
Section 2.2 introduces the projected Gaussian spatial process
and its properties. Section 2.3 examines the induced spatial
dependence for the projected Gaussian spatial process from
that in the bivariate linear Gaussian spatial process. Section 2.4
provides the distribution theory for kriging under the projected
Gaussian process.

2.1 Univariate Projected Normal Distribution

For univariate circular variables the von-Mises distribution
(also known as the circular normal distribution) is most com-
monly used; it is unimodal and symmetric. The density takes
the form, f (θ ; µ, κ) = 1

2πI0(κ)e
κ cos(θ−µ), where µ is the mean di-

rection, κ is a concentration parameter, and I0 modified Bessel
function of the first kind of order 0. Alternative parametric fam-
ilies include wrapped distributions and projected distributions.
For the wrapping method, literally, the circular variable $ is ob-
tained by wrapping a linear random variable X on R1 around the
unit circle, yielding $ = Xmod2π . Therefore, the density has
the expression f (θ ) =

!∞
k=−∞ g(θ + 2πk), where g(·) is the

density function of X. Projected distributions (Mardia and Jupp
2000) or offset distributions (Jammalamadaka and SenGupta
2001) are obtained by radial projection of bivariate distribu-
tions on the plane. Recently, Kato and Jones (2010) introduced
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Figure 2. Density shapes for the general projected normal distribution.

a new family of distributions constructed by using a Möbius
transformation of the von Mises distributions.

Suppose a random vector Y = (Y1, . . . , Yp)T follows a p-
dimensional multivariate normal distribution, with mean µ and
covariance matrix ! (p ≥ 2). The corresponding random unit
vector U = Y/∥Y∥ is said to follow a projected normal dis-
tribution (Small 1996; Mardia and Jupp 2000) with the same
parameters, denoted as PNp(µ,!). When p = 2 we have the
circular projected normal distribution. Let φ2(y1, y2; µ,!) be
the density function of a bivariate normal distribution with mean
vector µ = (µ1, µ2)T and covariance matrix

! =
"

σ1
2 ρσ1σ2

ρσ1σ2 σ2
2

#

.

After transforming Y (equivalently U) to an angular random
variable $ through $ = arctan∗(Y2/Y1) = arctan∗(U2/U1) 1,
$ can be shown to have a density f (θ |µ,!) (Mardia 1972,
p. 52) given by

f (θ |µ,!) = φ2(µ1, µ2; 0,!)
C(θ )

+
aD(θ )(1{D(θ )}φ1

$
a{C(θ )}− 1

2 (µ1 sin θ − µ2 cos θ )
%

C(θ )
, (1)

where φ1 and (1 are standard univariate normal pdf
and cdf, φ2 is the standard bivariate normal pdf,
a = {σ1σ2

&
1 − ρ2}−1, C(θ ) = a2(σ 2

2 cos2 θ − ρσ1σ2 sin 2θ +
σ 2

1 sin2 θ ), and D(θ ) = a2{C(θ )}− 1
2 {µ1σ2(σ2 cos θ − ρσ1

sin θ ) + µ2σ1(σ1 sin θ − ρσ2 cos θ )}.
The awkwardness of this distribution suggests that we intro-

duce a latent variable R = ||Y|| and work with the joint distri-
bution of R and $, easily obtained through polar coordinates
transformation from the joint distribution of Y1 and Y2. With
u = (cos θ, sin θ )T, it takes the form

f (r, θ |µ,!) = (2π)−1|!|− 1
2 exp

'
− (ru − µ)T!−1(ru − µ)

2

(
r.

(2)

The literature on the projected normal is small and has been
confined to the special case, PN2(µ, I ) (Presnell, Morrison,
and Littell 1998; Nuñez-Antonio and Gutiérrez-Peña, 2005;
Hernandez-Stumpfhauser, Breidt, and Opsomer, 2010; Nuñez-
Antonio, Gutiérrez-Peña, and Escarela, 2011), also known as
the displaced normal (Kendall 1974). Its corresponding density

1From Jammalamadaka and SenGupta (2001, p. 13), arctan∗(S/C) is formally
defined as arctan(S/C) if C > 0, S ≥ 0; π/2 if C = 0, S > 0; arctan(S/C) + π
if C < 0; arctan(S/C) + 2π if C ≥ 0, S < 0; undefined if C = 0, S = 0.

function is symmetric and unimodal, so PN2(µ, I ) is compara-
ble to other symmetric unimodal distributions such as the von
Mises. Wang and Gelfand (2013) studied the projected normal
family with a general covariance matrix ! and refer to this
richer class PN(µ,!) as the general projected normal distri-
bution. This general version allows asymmetry and bimodality;
Figure 2 shows some possible shapes. The general projected
normal distribution is not identified; U = Y/∥Y∥ is invariant
to scale transformation. In !, Wang and Gelfand (2013) set
σ1 = τ and σ2 = 1 to provide identifiability, resulting in a four-
parameter (µ1, µ2, τ , ρ) distribution.

It is well known that location-scale mixtures of normals can
approximate arbitrarily well a large class of absolutely contin-
uous densities; see, for example, Theorem 2 of Wu and Ghosal
(2010) for sufficient conditions (on moments and tail behav-
ior). The approximation result holds for a large class of dis-
tance measures, including the L1 and Hellinger distance and
the Kullback–Leibler divergence. Let F be the above class
of bivariate densities under the L1 norm (integrated absolute
difference), that is, densities such that given any f ∈ F and
any ϵ > 0, ∃K ≥ 1,µh,!h and πh such that ||f −

!K
h=1 πhN2

(:,µh,!h)||1 < ϵ. Let G denote the class of densities obtained
by projecting densities in F on the unit circle. Theorem 1 as-
serts a similar result for the general projected normal family;
mixtures of general projected normal densities are dense in G.

We first have Lemma 1. Let gh(θ ) denote the general projected
normal density with parameters µh and !h and let fh(y) de-
note the corresponding bivariate normal density N2(y; µh,!h).
Let πh ≥ 0, h = 1, . . . , K be such that

!K
h=1 πh = 1. Also, let

f (y) =
!K

h=1 πhfh(y) and g(θ ) denote the circular density ob-
tained by projecting f (y) on the circle.

Lemma 1. Let g̃(θ ) =
!K

h=1 πhgh(θ ) denote the mixture of
general projected normal densities gh with weights πh. Then,
g̃(θ ) = g(θ ); the projection of the mixture is a mixture of pro-
jections.

As a consequence, we have the following result on denseness
of projected normal distributions.

Theorem 1. The general projected normal distributions are
dense in G, that is, given any g0 ∈ G and any ϵ > 0, ∃ general
projected normals gh, h = 1, . . . , K and πh ≥ 0,

!K
h=1 πh = 1

such that

||g0 −
K)

h=1

πhgh||1 < ϵ,

where ||g||1 =
* 2π

0 |g(θ )|dθ denotes the L1 norm of a circular
density g.
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Figure 3. Bivariate joint distribution of $(s) and $(s′) of three different marginals (rows) and three different levels of spatial dependence
(columns). Parameter values are given in the text.

Proofs of Lemma 1 and Theorem 1 are provided in Appen-
dices A and B. To our knowledge, no such result is available
for the von Mises family so mixing with projected normals may
be more attractive in practice. In fact, mixtures of generalized
projected normal distributions arise as Rao–Blackwellized esti-
mates of predictive distributions for directions (Section 3.2).

2.2 Projected Gaussian Spatial Processes

By projecting a bivariate spatial process on R2 we can cre-
ate a spatial stochastic process of random variables taking val-
ues on a circle. Let Y(s) = (Y1(s), Y2(s))T denote a 2 × 1 vec-
tor of random variables at location s, D be the domain of
interest and {Y(s) : s ∈ D} be a bivariate stochastic process.
Letting (cos $(s), sin $(s))T = (Y1(s), Y2(s))T/||Y(s)||, one ob-
tains a circular process $(s). This projected process inherits
properties of the inline bivariate process, such as stationar-
ity. We define a circular process $(s) to be (strongly) sta-
tionary if ($(s1), . . . , $(sn)) has the same joint distribution as
($(s1 + h), . . . ,$(sn + h)) for any n ≥ 1, any s1, . . . , sn ∈ D

and any h ∈ R2. Straightforwardly, we have the following the-
orem.

Theorem 2. If the bivariate process Y(s) is strictly stationary,
the induced circular projected process $(s) is strictly stationary.

In the following, we let Y(s) to be a bivariate Gaussian pro-
cess with mean µ(s) and cross-covariance function C(s, s′) =
cov(Y(s), Y(s′)). We define the induced circular process upon
projection to be the projected Gaussian process. We could
consider non-Gaussian bivariate processes but the multivari-
ate distributional convenience of the Gaussian process enables
straightforward distribution theory for the projected Gaussian
process. Moreover, with a single sample of angles, say $(si),
i = 1, 2, . . . , n, it may be difficult for the data to criticize the
normality assumption. We consider a separable choice for the
cross-covariance function, C(s, s′) = ϱ(s, s′) · T , where ϱ is a
valid correlation function and T is a 2 × 2 positive definite ma-
trix, evidently the homogeneous (over R2) correlation between
Y1(s) and Y2(s). Since we are concerned only with the spatial
dependence for the $(s) process, there is no need to introduce

D
ow

nl
oa

de
d 

by
 [S

im
on

 F
ra

se
r U

ni
ve

rs
ity

] a
t 1

3:
43

 2
7 

Ju
ne

 2
01

6 



Wang and Gelfand: Modeling Space and Space-Time Directional Data Using Projected Gaussian Processes 1569

two correlation functions. Under the identifiability constraint, T
is set to be ( τ 2 ρτ

ρτ 1 ).
The marginal distribution for the random variable at each

location $(s) is a univariate projected normal with shapes as
suggested in Figure 2. We next consider the joint distribu-
tion of $(s) and $(s′). To provide a feel for the scope of
possible joint distributions, we offer three illustrative sets of
parameters, reflecting marginals that are unimodal and sym-
metric, unimodal and asymmetric, bimodal, respectively. The
joint density plots are shown in Figure 3; the rows reflect dif-
ferent cases of univariate marginals and the columns illustrate
increasing levels of spatial dependence. Specifically, the pa-
rameters for the marginals are: µ1 = −1, µ2 = 0, τ = 1, ρ = 0
for row 1, µ1 = −1, µ2 = 0, τ = 1, ρ = 0.4 for row 2 and
µ1 = −0.32, µ2 = 0, τ = 0.48, ρ = −0, 62 for row 3. For the
columns, ϱ(s, s′) equals 0, 0.4, and 0.7 from left to right. The
richness, departing from a symmetric case as with independent
von Mises, wrapped normal, or PN(µ, I ), is evident. By column,
ϱ(||s − s′||) is the same, by row, µ and T are the same. So, the
nature of the joint distribution is more affected by changes in
the latter than in the former.

Formally, the joint distribution of $(s) and $(s′) is given by

f (θ (s), θ (s′)) =
+ ∞

0

+ ∞

0
f (r(s), θ (s), r(s′), θ (s′)) dr(s)dr(s′).

(3)
The double integral in (3) has no explicit expression. If

we write the joint distribution of Y(s), Y(s′) in the form
[Y(s)|Y(s′)][Y(s′)] and transform to polar coordinates, we can
integrate out R(s) in the expression for the joint density. How-
ever, the integration over R(s′) is analytically intractable. Al-
ternatively, f (r(s), θ (s)|r(s′), θ (s′)) is available explicitly from
the distribution of Y(s)|Y(s′). Then, following (1), we would
have f (θ (s)|r(s′), θ (s′)). But, again, the integration over R(s′)
is intractable, so, as well, we can not obtain f (θ (s)|θ (s′)).

The angular process {$(s), s ∈ D} induces a multivariate cir-
cular distribution for " = ($(s1),$(s2), . . . ,$(sn))T. First, we
obtain the joint distribution of {Y(s1), . . . , Y(sn)} from the bi-
variate GP specification. For each location si , i = 1, . . . , n,
we change variables to polar coordinates by letting Y1(si) =
R(si) cos $(si) and Y2(si) = R(si) sin $(si). Integrating out
R = (R(s1), . . . , R(sn))T would yield the joint distribution of
" = ($(s1), . . . ,$(sn))T. As noted above, we do not need to
obtain this joint distribution. We introduce the latent vector of
variables R and work with the joint distribution of " and R
which is available explicitly.

2.3 Dependence Under the Projected Gaussian Process

The correlation behavior associated with the inline Gaussian
process is inherited, in some fashion, by the projected Gaus-
sian process. To investigate this, a measure of circular depen-
dence is required. Circular variables have no magnitude; they
only receive a value in [0, 2π ) once an orientation is speci-
fied. What does association mean for variables without magni-
tudes? Jammalamadaka and Sarma (1988) proposed a measure
of correlation between two circular random variables α1 and
α2, which has the desirable properties of a correlation coeffi-
cient: ρc(α1,α2) should not depend upon the “zero” direction,
ρc(α1,α2) = ρc(α2,α1), |ρc(α1,α2)| ≤ 1, and ρc(α1,α2) = 0 if

Figure 4. Exponential spatial correlation function (solid circle φ =
1, solid triangle φ = 2, solid square φ = 5) and the corresponding PN
correlation (empty circle φ = 1, empty triangle φ = 2, empty square
φ = 5) for 3 values of the decay parameter φ.

α1, α2 are independent. This circular correlation ρc takes the
form,

ρc(α1,α2) = E{sin(α1 − ν1) sin(α2 − ν2)}√
var(sin(α1 − ν1))var(sin(α2 − ν2))

, (4)

where ν1 and ν2 are the angular mean directions2 of the marginal
distributions of α1 and α2.

Using (4), let ρc($(s),$(s′)) be the circular correlation be-
tween the random variables $(s) and $(s′). Suppose the bi-
variate Gaussian process Y(s) has constant mean and separable
isotropic cross-covariance, say ρ(||s − s′||) · T . Then, for the
induced projected Gaussian process $(s), ρc($(s),$(s′)) de-
pends upon s and s′ through ||s − s′||. Of course, ρc need not
be valid (that is, it need not be a positive definite function in
d = ||s − s′||) and it is not meaningful to say that the induced
projected Gaussian process is isotropic. However, we can com-
pare ρ with ρc on a common distance scale. In Section 2.2, the
density plots of the bivariate marginals of the projected normal
process give us some idea of the dependence structure. Using ρc,
we can quantify the dependence between two circular random
variables at different distances, as in the linear case.

There is no explicit form for ρc under the projected Gaussian
process model so we approximate it by Monte Carlo integration.
Figure 4 compares the exponential correlation function and the
associated circular correlation ρc(||s − s′||) for three values of
the decay parameter φ, where the cross-covariance C(s, s′) =
e−φ||s−s′|| · T , the constant mean µ(s) ≡ (µ1, µ2)T = (1, 1)T, s ∈
D = [0, 1] × [0, 1]. When T ̸= I , the circular correlation can
depart considerably from the exponential correlation function of
the inline process, according to the values of τ 2 and ρ. However,

2The angular mean direction, ω ∈ [0, 2π ), arises from E(U) =
(E cos $, E sin $)T, where U is a unit vector. That is, cos ω = E cos $/||U|| and
sin ω = E sin $/||U||, yielding ω = arctan∗(sin ω/ cos ω) for a monotonically
defined inverse tangent on [0, 2π ).
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our simulation results show that the circular correlation function
of the projected normal process is monotonically decreasing as
the distance between two locations increases and the induced
circular correlation curve is always below the spatial correlation
curve for the linear process. In Figure 5, we fix φ = 1 and
obtain the circular correlation with three choices of T and the
same choice of µ as in Figure 4. Sensitivity to the choice of T
emerges.

To understand the role of φ in dictating the smoothness of
the circular process, we obtained prior draws from the pro-
jected Gaussian process at 289 locations on a [0, 1] × [0, 1]
grid for different values of φ and fixed values of µ and T .
In Figure 6, φ increases (range decreases) from left to right;
accordingly the corresponding circular process realization be-
comes less smooth.

2.4 Kriging With the Projected Gaussian Processes

Given observations, " = ($(s1), . . . ,$(sn))T, we seek to
predict $(s0) at a new location s0. In Section 2.2, we have shown
how to obtain the joint distribution of a collection of $(s)’s. In
the same fashion, the conditional distribution for $(s0)|" can
be expressed as

f (θ (s0)|θ) =
+

f (θ (s0)|r, θ )f (r|θ ) dr, (5)

where θ = (θ (s1), . . . , θ (sn))T and r = (r(s1), . . . , r(sn))T.
To derive f (θ (s0)|θ), we need to first obtain the inte-

grand in (5). Let Y∗ = (YT(s1), . . . , YT(sn))T and Y(s0) =
(Y1(s0), Y2(s0))T. For the latent linear Gaussian process, the joint
distribution for Y(s0) conditional on Y∗ and parameters of the
bivariate GP (denoted by $) is a bivariate normal distribution.
Working with polar coordinates, we can obtain an analytical
expression for $(s0), R(s0)|R,". However, integration over R
is intractable so we resort to Monte Carlo approximation. Thus,
in the context of a Bayesian modeling framework, kriging can
be implemented by drawing the appropriate latent variables and

Figure 5. Exponential spatial correlation function and the corre-
sponding PN correlation for different values of T (τ 2 and ρ), with the
decay parameter φ = 1, µ1 = 1, and µ2 = 1.

then using the convenient distributional properties of the under-
lying inline bivariate Gaussian process. Details of kriging using
MCMC model fitting are provided in Section 3.2.

3. MODEL FITTING AND INFERENCE

In this section, we discuss Bayesian model fitting for spatial
directional data using the projected normal spatial process. We
also detail post-model fitting kriging within this framework.

3.1 Model Fitting

Suppose we have a projected Gaussian spatial process model,
$(s), which is induced from a linear bivariate process Y(s) with
mean µ(s) and the separable cross-covariance C(s, s′) = ϱ(s −
s′; φ) · T . For simplicity, we only provide details of model fitting
with constant mean µ(s) ≡ µ = (µ1, µ2)T and an exponential
correlation function in the cross-covariance denoted by ϱ(s −
s′; φ) = e−φ||s−s′||. As previously defined,

T =
"

τ 2 ρτ

ρτ 1

#

.

Therefore, we have five parameters: $ = (µ1, µ2, τ , ρ,φ). For
data θ = (θ (s1), . . . , θ (sn))T, we introduce, at each si , a latent
variable R(si) associated with $(si) and work in the space of
$(si)’s and R(si)’s for i = 1, . . . , n. This data augmentation
exploits the distributional convenience of the latent inline Gaus-
sian process.

As a result, we have the corresponding “unobserved”
latent linear variables Y1(si) = R(si) cos $(si) and Y2(si) =
R(si) sin $(si). Denoting Y1 = (Y1(s1), . . . , Y1(sn))T and Y2 =
(Y2(s1), . . . , Y2(sn))T, Y = (YT

1, YT
2)T follows a multivariate nor-

mal with mean (µ111×n, µ211×n)T and covariance matrix /̃ =
T ⊗ H(φ), where {H(φ)}j,k = ϱ(sj − sk; φ), j, k = 1, . . . , n.
From Section 2.2, the joint distribution of " and R can be
obtained by a change of variables from the joint distribution of
Y1 and Y2. However, block updating of the latent R’s still seems
difficult. Instead, we use the properties of inline GP to obtain
the conditional distribution Y(si)|Y(−si),$, thus inducing the
conditional distribution R(si)|R(−si),$ (see Appendix C).

To complete a Bayesian formulation of our model, priors are
needed for the model parameters. Conjugacy for µ arises under
a bivariate normal prior, for example, µ ∼ N (0, λ0I ). For τ 2, we
choose an inverse Gamma IG(aτ , bτ ) with mean bτ/(aτ − 1) =
1 while a uniform prior on (−1, 1) is used for ρ. For the decay
parameter φ of the exponential correlation function, we employ
continuous uniform priors with support allowing small ranges
up to ranges larger than the maximum distance over the region.
For the MCMC fitting, the full conditional distributions are
given in Appendix C. The parameters τ 2, ρ, and φ are updated
using Metropolis-Hastings algorithm.

3.2 Implementing Kriging

We view the projected Gaussian spatial process model primar-
ily as a tool for prediction. Interpretation of the parameters with
regard to the distribution for the projected variable is difficult
because of the complex interplay between the parameters, as we
showed in the previous section. Moreover, these parameters also
do not allow much interpretation on the linear scale since they

D
ow

nl
oa

de
d 

by
 [S

im
on

 F
ra

se
r U

ni
ve

rs
ity

] a
t 1

3:
43

 2
7 

Ju
ne

 2
01

6 



Wang and Gelfand: Modeling Space and Space-Time Directional Data Using Projected Gaussian Processes 1571

Figure 6. Simulated draws from projected Gaussian process with different values of φ.

are associated with latent variables that have no meaning. So, we
turn to the details of Bayesian kriging under the foregoing model
specification. The joint distribution of Y(s0) = (Y1(s0), Y2(s0))T

and Y∗ = (Y1(s1), Y2(s1), . . . , Y1(sn), Y2(sn))T is

"
Y(s0)

Y∗

#

∼ MVN

""
µ(s0)

µ∗

#

,

"
1 ρT

0,Y(φ)

ρ0,Y(φ) HY(φ)

#

⊗ T

#

,

(6)
where µ∗ = (µT(s1), . . . ,µT(sn))T, {HY(φ)}j,k = ϱ(sj − sk; φ)
and {ρ0,Y(φ)}j = ϱ(s0 − sj ; φ).

Thus, the conditional distribution Y(s0)|Y∗ is a bivariate nor-
mal with mean Es0 and covariance matrix !s0 , where !s0 = (1 −
ρT

0,Y(φ)H−1
Y (φ)ρ0,Y(φ)) ⊗ T and Es0 = µ(s0) − ρT

0,Y(φ) ⊗ T ·
H−1

Y (φ) ⊗ T −1(Y∗ − µ∗). In fact, the conditional distribution
for $(s0)|Y∗ is a general projected normal PN2(Es0 ,!s0 ). As
described in Section 3.1, we update the latent variable R(si)
associated with the ith location during the model fitting. At the
gth iteration, we gather the posterior samples of Y∗ through
y1(si)(g) = r(si)(g) cos θ (si) and y2(si)(g) = r(si)(g) sin θ (si), i =
1, . . . , n and g = 1, . . . ,G. Finally, we are able to draw sam-
ples from the predictive distribution in (5), since there exists
an explicit form for "(s0)|Y∗, equivalently, "(s0)|", R as in
expression (1).

Let r(g) be the realization of R = (R(s1), . . . , R(sn))T at the
gth iteration. We can evaluate f (θ (s0)|r(g),$ (g), θ ) for a fine grid
of points in [0, 2π ) and take the average of the density values on
each grid. This resulting average is a usual Rao–Blackwellized
estimate of the predictive density at the kriged location s0. As
a mixture of general PN densities, its form is very flexible (see
Theorem 1). Because this density estimate can be asymmetric
and multimodal, equal tail credible intervals may be inappropri-
ate; highest posterior density (HPD) credible intervals are more
attractive. In general, the HPD arc is not trivial to calculate but
it can be obtained numerically.

As an aside, we do have an explicit form for
f (θ (s0), r(s0)|θ, r,$), which is obtained by substituting µ =
Es0 and ! = !s0 in (2). So, given posterior draws of $ along
with r, we can generate draws of ($(s0), R(s0)) from its poste-
rior predictive distribution by composition and keep the $(s0).
In this way we can infer about $(s0). However, we prefer the
Rao–Blackwellized density estimate for reasons given above.

With posterior draws of $(s0), we can infer about the
mean direction and the mean resultant length of the pre-
dictive density at s0. By definition, the mean direction is
ω = arctan∗(β/α) and the resultant length is γ =

&
(α2 + β2),

where α = E cos $ and β = E sin $. So, more explicitly,
for each posterior draw, $(g) and r(g), we draw a poste-
rior sample y(s0)(g) of Y(s0) from N2(E(g)

s0 ,!(g)
s0

), and then
convert to θ (s0)(g). Compute C(s0) = /g cos θ (s0)(g)/G and
S(s0) = /g sin θ (s0)(g)/G. Then, ω̂(s0) = arctan∗(S(s0)/C(s0))

and γ̂ (s0) =
,

C
2
(s0) + S

2
(s0).

3.3 Model Choice

For model choice, we focus on the performance of out-of-
sample prediction for the projected Gaussian model. We fit
models using training data θ = (θ (s1), . . . , θ (sn))T, and eval-
uate models using a holdout set θ∗ = (θ (s∗

1), . . . , θ (s∗
m))T. One

criterion to compare models for holdout data is to compute
an average circular distance, 1

m

!m
j=1(1 − cos(θ̂(s∗

j ) − θ (s∗
j )))

where, for us the θ̂ ’s are posterior predictive means under the
model. However, because of the flexible shapes of the predic-
tive distributions, preferable model comparison should be with
regard to the entire predictive distribution rather than a (central)
feature of this distribution. That is, we want to compare the
predictive distribution at s∗ with the held out θ (s∗). Two proper
scoring rules for doing this are the predictive log scoring loss
(PLSL; Gneiting and Raftery 2007) and the continuous ranked
probability score (CRPS) as in Grimit et al. (2006).

Using the posterior sample of $, the PLSL is calculated
across the holdout set as

PLSL = − 2
G

G)

g=1

m)

j=1

logf
-
θ
-
s∗
j

.
|θ , r(g),$ (g)..

As a model comparison criterion, the model with smaller PLSL
is favored. For the CRPS, Grimit et al. (2006) developed the
form for circular variables,

CRPScirc(F, θ∗) = E{α($, θ∗)} − 1
2

E{α($,$′)},
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Figure 7. Display of simulated data of two different marginals (asymmetric (a)–(c) and bimodal (d)–(f)) and three different ranges of spatial
dependence, long (a) and (d), medium (b) and (e), and short (c) and (f). Hold-out sites are in black.
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Table 1. Simulation examples: posterior summaries of parameters for T ̸= I and n = 200

Long Medium Short
Asymmetric

Par. Mean 2.5% 97.5% Mean 2.5% 97.5% Mean 2.5% 97.5%

µ1 0.70 0.80 −0.03 1.62 0.60 0.04 1.07 0.66 0.50 0.84
µ2 −0.80 −0.88 −1.79 0.12 −1.26 −1.83 −0.52 −0.65 −0.88 −0.42
τ 2 0.49 0.70 0.40 1.12 0.68 0.49 1.00 0.44 0.32 0.59
ρ 0.37 0.02 −0.20 0.27 0.36 0.09 0.56 0.47 0.31 0.61

Bimodal

µ1 0.00 −0.20 −0.62 0.20 −0.17 −0.55 0.22 0.08 −0.14 0.30
µ2 0.00 −0.51 −1.39 0.27 0.22 −0.29 0.71 −0.08 −0.37 0.20
τ 2 0.49 0.25 0.18 0.34 0.56 0.40 0.76 0.60 0.43 0.84
ρ 0.37 0.42 0.24 0.56 0.28 0.10 0.47 0.38 0.20 0.53

where F is the circular predictive distribution, θ∗ is the holdout
value, α is the angular distance3 and $ and $

′
are indepen-

dent copies of a circular random variable with distribution F.
Although we do not have an explicit expression for the pre-
dictive distribution, F, the CRPS is readily approximated in
the Bayesian framework. With posterior samples θ (s∗

j )(g) from

PN2(E(g)
sj

,!(g)
sj

), the CRPS associated with the holdout value at
sj can be approximated by

CRPS
-
s∗
j

.
= 1

G

G)

g=1

α
-
θ
-
s∗
j

.(g)
, θ
-
s∗
j

..

− 1
2G2

G)

g=1

G)

k=1

α
-
θ
-
s∗
j

.(g)
, θ
-
s∗
j

.(k).
,

where θ (s∗
j ) is the holdout observation at location s∗

j . Then,
we compare the models by obtaining the average CRPS over
holdout samples. Again, the model with the smaller CRPS is
favored.

4. EXAMPLES

In Section 4.1, we offer some simulation examples as a proof
of concept, that is, to show that we can recover the true param-
eters and that we can improve prediction with a spatial model
when spatial dependence is present. In Section 4.2, we turn to
the motivating spatial wave direction data. We fit the model
described in Section 3.1 and implement the kriging, following
Section 3.2. We also compare with the results of fitting a spatial
wrapped Gaussian process.

4.1 Simulation Study

We generate samples of size 250 from a projected Gaus-
sian process with constant mean µ(s) ≡ (µ1, µ2)T and sep-
arable cross-covariance C(s, s′) = ϱ(s − s′; φ) · T , with ϱ(s −
s′; φ) the exponential correlation function. Locations are gen-
erated uniformly on the unit square. We fit with two differ-
ent sample sizes, n = 200 and n = 100 (the smaller sample is

3From Grimit et al. (2006, p. 2939), the angular distance α(θ, θ∗) is formally
defined as |θ − θ∗| if |θ − θ∗| ≤ π ; 2π − |θ − θ∗| if π ≤ |θ − θ∗| < 2π .

randomly selected from the full set), and hold out the remaining
m = 50 samples for validation. We use different combinations
of (µ1, µ2, τ

2, ρ,φ) to generate six simulated datasets; arrow
plots of the simulated data for the different settings are shown
in Figure 7, with the holdout observations marked in bold. The
simulation settings are designed to reflect different levels of
spatial dependence, while also allowing for asymmetric and
bimodal marginals. We fix τ 2 = 0.49 and ρ = 0.37 in all six
settings. The column on the left, (a)–(c), corresponds to asym-
metric marginals (µ1 = 0.7, µ2 = −0.8), while the marginal
distribution for the sets in the right column, (d)–(f), are bi-
modal (µ1 = 0, µ2 = 0). In each column, the amount of spatial
dependence decreases from top to bottom. The three spatial
ranges are set through φ = 3/(0.7dmax), φ = 3/(0.3dmax) and
φ = 3/(0.1dmax), respectively representing long, medium, and
short range spatial dependence, where dmax =

√
2 is the max-

imum possible interpoint distance. We use the same set of lo-
cations for all six cases to provide the same amount of spatial
strength for inference at a specific kriged location.

We adopt a rather vague prior for µ taking λ0 = 4, as well
for τ 2 taking IG(2, 1). For φ, a continuous uniform prior on the
interval (3/(3dmax), 3/(0.01dmax)) is used. For all of the simula-
tion settings, several values of the variance parameter were tried
out for sensitivity analysis, finding the results to be robust to
realistic changes in the variance parameter. We ran Metropolis-
within-Gibbs sampler for 25,000 iterations with a burn-in of
5000, thinning the remainder by saving every fifth sample, thus
collecting a total of 4000 posterior samples. For all six simulated
datasets displayed in Figure 7, three models are fitted: a pro-
jected Gaussian process with parameters {µ, T ,φ}, a reduced
projected Gaussian process model with {µ, I,φ}, and finally
an independent general projected normal model with {µ, T }.

Regarding the model fitting, the spatial projected Gaussian
process model with nonidentity T and n = 200 is able to recover
the parameters well in all simulation scenarios, as shown in
Table 1. Additionally, the decay parameter φ is successfully
estimated in all cases, with the highest density near the true
value. On the other hand, the less flexible spatial process model
with T = I is less accurate in estimating the decay parameter.
Figure 8 shows the posterior densities of φ for both spatial
models in each of the six cases.
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Figure 8. Posterior summaries of the decay parameter φ in all six scenarios under the projected Gaussian process model (solid line) and the
reduced projected Gaussian process model T = I (dashed line) for n = 200. True values are shown as vertical lines.

Kriging at the 50 holdout locations is implemented using
the posterior samples from the model fitting (n = 200). Predic-
tive log scoring loss (PLSL) and average predictive CRPS are
summarized in Table 2. For all cases, the larger sample size pro-
vides smaller CRPS and PLSL, thus enabling better prediction.
Overall, the spatial models do much better than the nonspatial
one, even more so with the larger samples size. With regard
to comparison of the two spatial processes, the general version
typically performs better than the reduced one though, in many
cases, the differences are inconsequential, particularly using the
CRPS.

In Figure 9, we present the predictive densities at two hold-
out locations, (0.34, 0.58) and (0.39, 0.16) (denoted in panels (a)
and (d) of Figure 7), under long range spatial dependence. The

values of these observations at these two locations are shown
by the vertical lines in Figure 9. The spatial prediction is much
better than that from the nonspatial model. For the asymmetric
marginal, as shown in Figure 9(a), both holdout observations
have higher probability under the predictive densities for the
general spatial version than for the reduced spatial version. The
same results are seen in Figure 9(b) for the bimodal marginal.

4.2 Data Example

Since the 1980s, deterministic models have been used for
weather forecasting with increasing reliability. Moreover, in the
last decade, sea surface wind data projections, produced by

Table 2. Model comparison of the projected Gaussian process model (S), the reduced projected Gaussian process model with T = I (I) and the
nonspatial general projected normal model (N) for all six cases and two different sample sizes (n = 100, 200)

PLSL CRPS

Asymmetric Bimodal Asymmetric Bimodal

S I N S I N S I N S I N

Long 200 24.77 30.43 114.86 82.20 115.71 165.75 0.1776 0.1802 0.5251 0.3875 0.3959 0.7155
100 42.44 46.13 116.07 102.45 127.81 173.31 0.2111 0.2157 0.4280 0.4489 0.4723 0.7183

Medium 200 43.04 45.23 99.66 111.63 114.00 183.16 0.2269 0.2292 0.3723 0.3805 0.3821 0.7710
100 68.94 69.25 102.03 136.56 140.32 182.57 0.2600 0.2622 0.3787 0.4804 0.4863 0.7600

Short 200 83.17 90.91 111.13 259.87 284.95 181.99 0.3102 0.3284 0.4280 0.7154 0.7209 0.7949
100 98.46 106.41 111.52 337.01 346.88 184.90 0.3699 0.3797 0.4249 0.7762 0.7832 0.7983
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Figure 9. Predictive density at two hold-out locations: the solid line is the predictive density for the projected Gaussian model with general
T , the dashed line is for the projected Gaussian with T = I and the dash-dotted line is for the nonspatial model. The vertical lines denote the
held out angle.

Figure 10. Posterior summaries of the decay parameter φ under the projected Gaussian process model (solid line) and the reduced projected
Gaussian process model T = I (dashed line) for two data examples.
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Figure 11. Posterior bivariate density plot based on observations during a calm period.

meteorological models, have been found accurate enough to
be taken as the basis for operational marine forecasts. Wave
heights and outgoing wave directions, the latter being angular
data measured in degrees, are the main outputs of these forecasts.

We use data outputs from a deterministic wave model im-
plemented by ISPRA (Istituto Superiore per la Protezione
e la Ricerca Ambientale). Details regarding this determin-
istic model can be found on their web page (http://www.
isprambiente.gov.it/pre_mare/wam.htm). ISPRA outputs are
given in deep waters with a spatial resolution of 0.1 degree
longitude, approximately on a grid with about 12.5 × 12.5 km
cells. We selected a random set of 250 locations for illustration,
in fact, those in Figure 1. We intentionally chose an irregular set
of locations to provide an irregular set of interpoint distances
for model fitting and kriging.

Here, to illustrate a static spatial analysis, we use data from
single time slices separately during a calm period (shown

in Figure 1) and a stormy period in the Adriatic Sea (see
Figure 14(a)), choosing a single hour within each period.

Again, there are 250 locations in total and we randomly se-
lect 50 locations for the purpose of validation. For the fitting,
we again run the MCMC algorithm for 25,000 iterations, with
a burn-in of 5000 and thinning by collecting every fifth sample.
We compute kriging estimates using 4000 posterior samples. We
adopt the vague priors from the previous section: µ ∼ N2(0, 4I ),
τ 2 ∼ IG(2, 1) and ρ ∼ Unif(−1, 1). We use a continuous uni-
form prior, Unif(10−3, 10−1) for φ, corresponding to a maxi-
mum and minimum range of 3000 km and 30 km, respectively.
Allowing the prior to have support over such large values of
the range might seem inappropriate for the spatial scale of the
process. However, the exceptionally strong spatial dependence
for the directions, as exhibited in Figure 1, yields very slow
estimated decay (see Figure 10) implying a range beyond the
largest pairwise distance in our dataset.

Figure 12. Circular distances/predictive errors and the observed values of angles at kriged locations. General projected Gaussian model
(triangles); wrapped Gaussian process model (circles).
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Figure 13. Results of kriging outgoing wave directions at 06:00 on
April 2, 2010, at Adriatic Sea (during a calm period). Kriged locations
are in bold.

In the spirit of Figure 3, in Figure 11 we present the poste-
rior joint density for a pair (θ (s), θ (s′)) at two distances, 200
km and 1000 km, during the calm day. These joint densities
are created by obtaining marginal samples from the respective
Rao–Blackwellized posterior density estimates discussed above.
We see weaker dependence at the longer distance but it is still
strong, consistent with the foregoing comment on long spatial
ranges for the wave directions.

For the kriging, the CRPS values in fitting the time slice during
a calm period are 0.0889, 0.0970, and 0.6860 for the projected
Gaussian process model with general T , the projected Gaussian
process with T = I and the nonspatial general projected normal
model, respectively. The PLSL values are −62.81, −39.49,

and 172.13, respectively. For the time slice during a storm,
the corresponding CRPS values for the respective models are

0.0726, 0.0682, and 0.5432, and the PLSL values are −110.14,
−99.17, and 140.46.

Finally, we provide model comparison between the general
projected Gaussian model and the wrapped Gaussian model.
Since, under the wrapped Gaussian process, we can only obtain
point estimates at kriged locations, we offer Figure 12. This
figure plots the held out values at the kriged locations and their
corresponding circular distances (defined in Section 3.3) for
both time slices. For the calm time slice, the average circular
distances are 0.0222 for general projected Gaussian model and
0.3743 for the wrapped Gaussian model; for the storm time
slice, the average circular distances are 0.0217 and 0.1516, re-
spectively. The general projected Gaussian model substantially
model outperforms the wrapped Gaussian model.

The strong spatial patterns in Figures 1 and 14(a) are evident,
with more variation in wave directions during a calm period.
Here, the richer general projected GP model outperforms the
displaced projected GP model for both the CRPS and PLSL cri-
teria. During a storm there is not much difference between these
two models. The data are mostly concentrated in a common
direction and thus, the data do not require the extra flexibil-
ity afforded by the former. We have also plotted the predictive
densities at all kriged locations (not presented) as we did in
Figure 9; we find all these densities are highly peaked at the
corresponding holdout observations. This accounts for the ex-
tremely low CRPS and PLSL values as well as the nice recovery
at the holdout sites. See Figure 13 (compared with Figure 1) and
Figure 14(b) (compared with Figure 14(a)). Arrow length cap-
tures the relative concentration of the posterior estimate.

5. SPACE–TIME MODELS

Wave directions are available over 24 time points, two hours
apart; our goal is to model the evolution of the wave direc-
tions over time taking into account the spatial structure. Space-
time modeling in the linear setting can be adapted for our
projected Gaussian process setting. More precisely, since con-
ceptually, wave locations evolve continuously, we specify a bi-
variate space-time Gaussian process model to induce a projected

12 14 16 18 20

40
41

42
43

44
45

46

Longitude

La
tit

ud
e

12 14 16 18 20

40
41

42
43

44
45

46

Longitude

La
tit

ud
e

(a) Data (b) Results (kriged locations in bold)
Figure 14. Wave directions at 18:00 on April 5, 2010, at Adriatic Sea (during a stormy period).
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Figure 15. Comparison of hold-out data and model-fitting results for space-time model.

Gaussian space-time model. This specification offers advan-
tages in terms of model specification and identifiability over a
dynamic model as we clarify below.

5.1 Space-Time Projected Gaussian Process
Specification

We imagine circular variables $(s, t) over s ∈ D and t ∈
(0,3). For the bivariate space-time Gaussian process we again
assume constant means, with a separable covariance structure,

C((s, t), (s′, t ′)) = ϱs(s − s′; φs)ϱt (t − t ′; φt ) · T , (7)

where ϱs is the spatial correlation and ϱt is the temporal corre-
lation. The associated parameters are now $ = (µ, T ,φs,φt ),
where φs and φt are the decay parameters associated with their
corresponding correlation functions ϱs and ϱt and T is still

defined as in the previous section. Again, we only need one
space-time covariance function. For simplicity, here we assume
separability in space and time (though, in future, we will investi-
gate more challenging nonseparable choices as in, e.g., Gneiting
(2002) and Stein (2005)).

Under this specification, we add one more parameter, φt ,
with a continuous prior, Unif(3/(3tmax), 3/(0.01tmax)), to our
specification. The model fitting is easily extended from that for
the static spatial model in Section 3.1. We use the same priors
for τ 2, ρ, and φs as in the static case. Thus, the MCMC model
fitting imitates the static case, again introducing latent variables
R(si , t) associated with $(si , t) at location i and time t. Kriging
at a new location s0 at any of the observed time points proceeds
similarly to that described in Section 3.2. Therefore, we omit the
details here. Instead, we focus on the one-step ahead prediction;

D
ow

nl
oa

de
d 

by
 [S

im
on

 F
ra

se
r U

ni
ve

rs
ity

] a
t 1

3:
43

 2
7 

Ju
ne

 2
01

6 



Wang and Gelfand: Modeling Space and Space-Time Directional Data Using Projected Gaussian Processes 1579

with values t = t1, t2, . . . , tk , we forecast to the time point tk+1

for the n observed locations.
We start from the joint distribution,

"
Ytk+1

Yt1:tk

#

∼ MVN

""
µtk+1

µt1:tk

#

, Hk+1(φt ) ⊗ Hn(φs) ⊗ T

#

,

where Ytk+1 = (Y1(s1, tk+1), Y2(s1, tk+1), . . . , Y1(sn, tk+1),Y2(sn,

tk+1))T, Yt1:tk = (YT
t1
, . . . , YT

tk
)T, Ytj = (Y1(s1, tj ),

Y2(s1, tj ), . . . , Y1(sn, tj ), Y2(sn, tj ))T, Hk+1(φt ) = {ϱt (tj −
tq ; φt )}, j, q = 1, . . . , k + 1 and Hn(φs) = {ϱs(si − sp; φs)},
i, p = 1, . . . , n. We obtain the conditional distribution
Ytk+1 |Yt1:tk ,$ from which posterior samples of Ytk+1 can be
obtained at each iteration. Thus, the posterior sampling of the
wave directions at a future time point, $(si , tk+1), remains the
same as in the static case.

We conclude by noting the challenge of working with a dy-
namic model. Now, we would have circular variables, θt (si) at
each location si and each discrete time point t, t = 1, . . . , nt ,
i = 1, . . . , n. We would build a hierarchical model to capture
both spatial and temporal dependence among these observa-
tions. At the data level, we would assume the θt (si) follow a
conditionally independent projected Gaussian process model
with time-varying parameters (t and say a common separable
cross-covariance C(s, s′) = ϱ(s − s′; φ) · T across time points.
Now the difficulty emerges. At the second level, we would need
to specify dynamics for (t . The strong interplay between the
parameters in (t with regard to the shape of the resulting dis-
tributions of the θt (s) (as discussed in Section 2), necessitates a
four-dimensional dynamic second stage specification with de-
pendence between all of the parameters, a very challenging
vector autoregressive model.

5.2 Space-Time Wave Direction Data Example

We apply our model separately to data during a calm period
and during a stormy period, each over 24 time points 2 hr apart.
For the calm period, wave directions are outputs from April
2, 2010 and April 3, 2010, for the storm period, from April 5,
2010 and April 6, 2010. The observations are provided at regular
discrete time points, that is, 00:00, 02:00 , . . . ,22:00. We use
the same collection of locations as in Section 4.2. Kriging at
time points with observations can be easily implemented under
this space-time model framework; we do not provide details
here. Our goal here is to illustrate the prediction at a future
time point. Therefore, we hold out data for the last time point,
t = 24, and fit the model using the data from the previous 23 time
points. The same set of n = 200 locations were used (shown in
Figure 13). We provide the predictions at t = 24 at each of these
locations. We assess model adequacy by considering empirical
coverage for the 200 predictions compared with nominal 90%
coverage. For the calm period, 88.5% of the observed values
fall into the corresponding 90% coverage, while 95.5% for the
stormy period. Finally, in Figure 15 we graphically compare the
observations at t = 24 and the posterior mean directions at each
of the 200 locations, with (a) for the calm period and (b) for the
storm period. Arrow length captures the relative concentration
of the posterior estimate.

6. SUMMARY AND FUTURE WORK

We have provided a flexible class of specifications for mod-
eling space and space-time dependence between angular mea-
surements. We have projected a bivariate Gaussian process to
yield a univariate projected Gaussian process. We have exam-
ined the induced association between pairs of observations. With
regard to inference, we have shown that these models can be
straightforwardly fitted using suitable latent variables, we have
demonstrated how to do kriging with these models, and we have
proposed model comparison using proper scoring rules, com-
paring holdout data with associated predictive distributions.

Currently, we are exploring enriching these models through
mixture distributions. Another project under way is to bring
in the wave height information. That is, we seek joint spatial
modeling of a linear variable (height) and a circular variable
(direction). How do we capture dependence between these mea-
surements within and across locations? How do we implement
co-kriging for improved prediction? A different challenge will
be a data fusion problem. We have both computer model data
with improving collection of buoy data measurements, and mis-
alignment. How can we combine them for improved interpola-
tion and forecasting?

APPENDIX

APPENDIX A: Proof of Lemma 1

Following the notation in Section 2.1, we have

g(θ ) =
+ ∞

0
rf (r cos θ, r sin θ ) dr

=
+ ∞

0
r

K)

h=1

πhfh(r cos θ, r sin θ ) dr

=
K)

h=1

πh

+ ∞

0
rfh(r cos θ, r sin θ ) dr

=
K)

h=1

πhgh(θ )

= g̃(θ ).

The change of integral and summation from the second to third step
follows from Fubini’s theorem, since the integrand is nonnegative.

APPENDIX B: Proof of Theorem 1 (denseness)

Let FA denote the class of mixtures of bivariate normal distributions
and GA denote the class of circular densities obtained by projecting
densities in FA on to the circle. Recall from Section 2.1 that F is the
closure of FA under the L1 norm.

Given any circular distribution with density g0 ∈ G and any ϵ > 0,
we want to show that there exists a density g̃ which is a mixture
of projected normal distributions, that is, g̃ =

!K
h=1 πhgh, such that

d1(g0, g̃) < ϵ. By Lemma 1, this is equivalent to showing that we can
find a density g = g̃ in GA with the above property.

Given any circular density g0 ∈ G, there exists a density f0 ∈ F
such that the projection of f0 onto the circle has density g0. (For
example, obtain f0 by one-to-one transformation of g0(θ )h(r) to
f0(y1, y2) for any distribution h(r). Now, given any ϵ > 0, there exists
a mixture f (y1, y2) =

!K
h=1 πhN2(µh, !h) such that d1(f0, f ) < ϵ.

Let g denote the circular density obtained by projecting f onto the
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unit circle. Therefore, we have g0(θ ) =
*∞

0 r f0(r cos θ, r sin θ ) dr and
g(θ ) =

*∞
0 r f (r cos θ, r sin θ ) dr . By Lemma 1, g = g̃. Now,

d1(g0, g) =
+ 2π

0
|g0(θ ) − g(θ )| dθ

=
+ 2π

0

////

+ ∞

0
r f0(r cos θ, r sin θ ) dr

−
+ ∞

0
r f (r cos θ, r sin θ ) dr

//// dθ

=
+ 2π

0

////

+ ∞

0
r [f0(r cos θ, r sin θ )

−f (r cos θ, r sin θ )] dr| dθ

≤
+ 2π

0

+ ∞

0
r |f0(r cos θ, r sin θ )

−f (r cos θ, r sin θ )| drdθ

=
+ ∞

−∞

+ ∞

−∞
|f0(x, y) − f (x, y)| dxdy

= d1(f0, f ) < ϵ.

Hence, we have d1(g0, g̃) = d1(g0, g) < ϵ and the result follows.

APPENDIX C: The full conditionals of $

We define two covariance matrices /̃ = T ⊗ H(φ) and /̃∗ =
H(φ) ⊗ T . Their corresponding precision matrices are Q̃ = /̃−1 =
T −1 ⊗ H−1(φ) and Q̃∗ = /̃∗−1 = H−1(φ) ⊗ T −1. H−1

i,j denotes the
element on the ith row and jth column of the inverse matrix of
H(φ).

The full conditionals for the parameters of the projected Gaussian
process:

• µ ∼ N2(Eµ, Q−1
µ ), where the precision matrix of this bivariate

normal Qµ = AT/̃−1A + I2×2/λ0, Eµ = Q−1
µ AT/̃−1Y and A =

( 1n×1 0n×1
0n×1 1n×1

).

• R(si) ∝ ri exp
-
−H−1

i,i (uT
i T

−1ui r
2
i − 2riuT

i T
−1Esi)/2

.
I(0,∞)(ri),

where ui = (cos θ (si), sin θ (si))′, Esi = µ − Q−1
si

!
j ̸=i Q̃

∗
ij

(Y(sj ) − µ),Qsi = Q̃∗
ii = H−1

i,i · T −1 and Q̃∗
ij = H−1

i,j · T −1.
• φ ∝ |H(φ)|−1exp

-
−(Y − Aµ)TT −1 ⊗ H−1(φ)(Y − Aµ)/2

.
.

• τ 2, ρ ∝ |T |−n/2exp
-
−(Y − Aµ)TT −1 ⊗ H−1(φ)(Y − Aµ)/2

.

(τ 2)−aτ −1exp(−bτ/τ
2).

[Received September 2012. Revised March 2014.]
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